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Abstract

As mobile devices proliferate and networks become
more location-aware, the corresponding growth in spatio-
temporal data will demand analysis techniques to mine pat-
terns that take into account the semantics of such data. As-
sociation Rule Mining (ARM) has been one of the more
extensively studied data mining techniques, but it consid-
ers discrete transactional data (supermarket or sequential).
Most attempts to apply this technique to spatial-temporal
domains maps the data to transactions, thus losing the
spatio-temporal characteristics. We provide a comprehen-
sive definition ofspatio-temporal association rules (STARs)
that describe how objects move between regions over time.
We definesupportin the spatio-temporal domain to effec-
tively deal with the semantics of such data. We also intro-
duce other patterns that are useful for mobility data;sta-
tionary regionsand high traffic regions. The latter con-
sists of sources, sinksand thoroughfares. These patterns
describe important temporal characteristics of regions and
we show that they can be considered as special STARs. We
provide efficient algorithms to find these patterns. Partic-
ularly, via several pruning properties we can mine STARs
efficiently by first mining high traffic regions.

1 Introduction

As mobile devices proliferate, networks become
location-aware and GPS sensors become more common, the
need to manage, analyze and mine spatio-temporal data will
only grow.

Some specific examples of current and future applica-
tions which will require mining and analysis of spatio-
temporal data include managing cell phone networks and
dealing with the data generated by Radio-Frequency Iden-
tification (RFID) tags. Mining such data could detect pat-

terns for applications as diverse as intelligent traffic man-
agement, sensor networks, stock control and wildlife mon-
itoring. For example, consider the movement of users be-
tween cells of a mobile phone (or similar) network. Being
able to predict where users will go would make cell hand
over decisions easier and improve bandwidth management.
Also, since most people own a mobile phone these days,
the data could be used for fast and inexpensive population
movement studies. Local governments would find the abil-
ity to answer questions such as “how much is this park be-
ing used?”, “which areas are congested?”, and “what are the
main routes that people take through the city” useful. The
latter query would help design better pedestrian and vehicle
routes to take into account the main flows of people.

We therefore consider a set of regions, which may be any
shape or size, and a set of objects moving throughout these
regions. We assume that it is possible to determine which
objects are in a region, but we do not know precisely where
an object is in that region. We do not assume that objects
are always somewhere in the region set, so in the example
of a mobile phone network, turning the phone off poses no
problems for our methods. We are interested in finding re-
gions with useful temporal characteristics (thoroughfares,
sinks, sources, and stationary regions) and rules that predict
how objects will move through the regions (spatio-temporal
association rules). A source occurs when the number of ob-
jects leaving a region is high enough. A sink has a high
number of objects entering it. A thoroughfare is a region
through which many objects move - that is, many objects
enter and leave. A stationary region is where many ob-
jects tend to stay over time, while a STAR describes how
an object moves between regions. Together, these patterns
describe many mobility characteristics and can be used to
predict future movements.

We take the approach of mining our patterns on a time
window by time window basis. We think this is impor-
tant because it allows us to see the changing nature of the
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patterns over time, and allows for interactive mining - in-
cluding changing the mining parameters. Even though the
patterns we consider occur in a spatial settings, they are
all temporal patterns because they describe objects move-
mentsover time, as well as capturingchangesin the way
the objects move over time. To understand this, consider
each pattern setξi as capturing object movements over a
‘short’ period of time. In our algorithms this is the inter-
val pair [T Ii, T Ii+1]. That is,ξi captures how the objects
move between the time intervalsT Ii andT Ii+1. Then, as
the algorithm processes subsequent time intervals, the pat-
terns mined at these points will in general change, forming
a sequenceof pattern sets< ξi, ξi+1, ... >. This change in
the patternsthat are output can be considered longer term
changes. Such changes in the patterns describe the changes
in the objects behavior over time. Another way to think
about this is to consider the objects motion as a random
process. If the process is stationary, we would expect the
patterns to remain the same over time. If the process is not
stationary, the patterns will change with time to reflect the
change in the way the objects move.

There are a number of challenges when mining spatio-
temporal data. First, dealing with the interaction of space
and time is complicated by the fact that they have differ-
ent semantics. We cannot just treat time as another spatial
dimension, or vice versa. For example, time has a natural
ordering while space does not. Secondly, we also need to
deal with the spatio-temporal semantics effectively. Thisin-
cludes considering the effects of area and the time-interval
width not only on the the patterns we mine, but also in the
algorithms that find those patterns.

Finally, Handling updates efficiently in a dynamic en-
vironment is challenging - especially when the algorithm
must be applied in real time. We adopt adata streammodel
where spatial data arrives continuously, say as a sequence of
snapshotsS1, S2, ..., and the model that we mine must keep
up with this. The algorithms must therefore perform only
a single pass in the temporal dimension. That is, the algo-
rithm must not revisitSi once it has started processingSi+1
- this means that the model must be incrementally update-
able. Unless sampling techniques are used, such algorithms
cannot do better than scale linearly with time. Since pro-
cessing the spatial snapshots is expensive in general, we fo-
cus our attention there. We deal with exact techniques in
this paper, but it is possible to use probabilistic counting
techniques together with our algorithms.

2 Contributions

We make the following contributions:

• We give a rigorous definition of Spatio-Temporal As-
sociation Rules (STARs) that preserve spatial and tem-

poral semantics. We define the concepts ofspatial cov-
erage, spatial support, temporal coverageandtempo-
ral support. Because these definitions retain the se-
mantics of spatial and temporal dimensions, it allows
us to mine data with regions of any size without skew-
ing the results. That is, we successfully extend associ-
ation rules to the spatio-temporal domain.

• We define useful spatio-temporal regions that apply to
objects moving through such regions. These aresta-
tionary regionsandhigh traffic regions. The latter may
be further broken intosources, sinksand thorough-
fares. We stress that these are temporal properties of a
spatial region set, and show that they are special types
of STARs. We also describe a technique for mining
these regions efficiently by employing a pruning prop-
erty, and preserve the spatial semantics of the data by
dealing with different sized regions.

• We propose a novel and efficient algorithm for min-
ing the STARs by devising a pruning property based
on the high traffic regions. This allows the algorithm
to prune as much of the search space as possible (for
a given dataset) before doing the computationally ex-
pensive part. If the set of regions isR, we are able to
significantly pruneR (to A ⊂ R andC ⊂ R) resulting
in a running time ofO(|R|) + O(|A′ × C ′|) instead of
O(R2), whereA′ = A − A ∩ C andC ′ = C − A ∩ C.
Our experiments show that this is a significant saving.
Theoretically, it is also the most pruning possible with-
out missing rules.

Our algorithms do not assume or rely on any form of index
(such as an R-tree, or aggregated R-tree) to function or to
obtain time savings. If such an index is available, the al-
gorithms will perform even better. Our time savings come
about due to a set of pruning properties, which are spatial
in nature, based on the observation that only those patterns
that have a support and confidence above a threshold are
interesting to a user (in the sense that they model the data).

The rest of the paper is organized as follows. In Section
3 we place our contributions in context by surveying related
work. In Section 4 we give several related definitions of
STARs that highlight some of the differences in interpret-
ing STARs. We close the section with a detailed example
to illustrate the subtleties. In Section 5 we define hot spots,
stationary regions and high traffic regions. In Section 6 we
propose an efficient algorithm for mining STARs which ex-
ploits several properties of “high traffic” regions. The re-
sults of our experiments on STAR mining are described in
Section 7. We conclude in Section 8 with a summary and
directions for future work. The appendix contains proofs of
the theorems we exploit.



3 Related Work

There has been work on Spatial association rules (ex-
amples include [8, 3]) and temporal association rules (ex-
amples include [2, 5]) but very little work has addressed
both spatial and temporal dimensions. Most of the work
that does can be categorised as traditional association rule
mining [1] or sequential ARMappliedto a spatio-temporal
problem, such as in [7].

The work by Tao et al. [9] is the only research found
that addressed the problem of STARs (albeit briefly) in
the Spatial-Temporal domain. As an application of their
work they show a brute force algorithm for mining specific
spatio-temporal association rules. They consider associa-
tion rules of the form(ri, τ, p) ⇒ rj , with the following
interpretation: “If an object is in regionri at some timet,
then with probabilityp it will appear in regionrj by time
t + τ ”. Such a rule is aggregated over allt in the following
way: if the probability of the rule occurring at any fixedt is
abovep, a counter in incremented. If the fraction of such oc-
currences is over another thresholdc, the rule is considered
important and output. The authors callp the appearance
probability, andc the confidence factor. They do not dis-
cuss the reasons for or the consequences of this choice. The
confidence factoris really the support with respect to time
of the rule, and when interpreted in the traditional sense,p
is really theconfidence thresholdof the rule. There is also
no support defined. That is, the number of objects for which
the rule applies is ignored. For each time-stamp, their algo-
rithm examines each pair of regions in turn, and counts the
number of objects that move between the regions. It is a
brute force technique that takes time quadratic in the num-
ber of regions. They use sketches (FM-PCSA) for speed,
have a very simple STAR definition and ignore the spatial
and temporal semantics of the data (such as the area of the
regions or the time interval width).

Other interesting work that deals with spatio-temporal
patterns in the spatio-temporal domain includes [11, 12, 4,
6, 9]. [6] mine periodic patterns in objects moving between
regions. Wang et al. [12] introduce what they callflow pat-
terns,which describe the changes of events over space and
time. They consider events occurring in regions, and how
these events are connected with changes in neighbouring re-
gions as time progresses. So rather than mining a sequence
of events in time, they mine a sequence of events that occur
in specific regions over time and include a neighbourhood
relation.

Ishikawa et al. [4] describe a technique for mining ob-
ject mobility patterns in the form of markov transition prob-
abilities from an indexed spatio temporal dataset of moving
points. In this case, the transition probabilitypij of an (or-
der 1) markov chain isP (rj |ri) whereri and rj are re-
gions, which is the confidence of a spatio-temporal associ-

ation rule, although this is not mentioned by the authors.
[11] mine frequent sequences of non spatio-temporal

values for regions.
The work we have listed above is quite different from

ours. [9] considers a simple spatio-temporal association
rule definition, and the algorithm for finding the rules is
brute force. [4, 12] consider patterns that can be interpreted
as STARs, but they focus on very different research prob-
lems. The algorithm of [4] will find all transition proba-
bilities, even if they are small. Amongst other things, our
algorithm makes use of the fact that users will not be inter-
ested in rules below confidence and support thresholds, and
uses this to prune the search space. And most importantly,
none of the related work consider the spatial semantics of
the regions, such as area, nor do they consider spatial sup-
port or similar concepts.

Dealing with the area of regions correctly is important
for interpretation of the results. Many authors implicitly
assume that the spatial regions can be specified to suit the
algorithm. However, this is usually not the case. Cells in a
mobile phone network are fixed, and have a wide range of
sizes and geometries depending on geographic and popula-
tion factors. Data mining applications have to be developed
to work with the given region set, and we cannot ignore
the influence of different sized regions. In the case of min-
ing mobility patterns of moving objects (including sources,
sinks, stationary regions, thoroughfares and STARs), ignor-
ing area will skew the results in favour of larger regions
because they will have more objects in them on average.
By taking the region sizes into account, we avoid skewing
the results and make our STARs comparable across differ-
ent sized regions. Finally, although it is possible to scale
most patterns by the area after they have been mined, this
is undesirable because it it prevents pruning of the search
space. Our algorithms deal with the spatio-temporal seman-
tics such as area effectively throughout the mining process
and prune the search space as much as possible.

No previous work could be found, despite our efforts,
that considers sources, sinks, stationary regions and thor-
oughfares. We think these patterns are very important be-
cause they capturetemporalaspects of the way that objects
move in space.

4 Spatio-Temporal Association Rules

Given a datasetT of spatio-temporal data, define a lan-
guageL that is able to express properties or groupings
of the data (in both time, space, and object attributes).
Given two sentencesϕ1 ∈ L and ϕ2 ∈ L that have no
common terms, define a spatio-temporal association rule
as ϕ1 ⇒ ϕ2. For example, the rule “late shift work-
ers head into the city in the evening” can be expressed
as LateShiftWorker(x) ∧ InRegion(OutsideCity) ∧



T ime(Evening) ⇒ InRegion(City) ∧ T ime(Night).
To evaluate whether such a spatio-temporal rule is interest-
ing in T , a selection predicateq(T, ϕ1 ⇒ ϕ2) maps the rule
to {true, false}. The selection predicate will in general be
a combination of support and confidence measures. For ex-
ample, if the support and confidence of a ruleR1 are above
their respective thresholds, thenq(T, R1) evaluates to true.

The languageL can be arbitrarily complex. We consider
the special case where objects satisfying a query move be-
tween spatial regions. A queryq allows the expression of
predicates on the set of non spatio-temporal attributes of the
objects. We explore a number of definitions of such STARs
in this section to highlight temporal subtleties. We deal only
with the STAR of Definition 4.4 outside this section, so the
reader can safey focus on this on the first reading, without
missing the main ideas of the paper.

Definition 4.1 STAR: Objects in regionri satisfyingq at
time t will appear in regionrj for the first time at time
t + τ . Notation:(ri, t, @τ, q) ⇒ rj .

Note that this rule distinctly defines the time inrj at
which the objects must arrive.

Definition 4.2 STAR: Objects in regionri satisfyingq at
time t will be in region rj at time t + τ . Notation:
(ri, t, τ, q) ⇒ rj .

The above definition is less rigid and allows objects that
arrived earlier than timet + τ to be counted as long as they
are still presentat time t + τ . The next definition counts
the objects as long as they have made an appearance inrj

at any time within[t, t + τ ].

Definition 4.3 STAR: Objects in regionri satisfyingq at
time t will appear in region rj by (that is, at or before)
time t + τ . Notation:(ri, [t, τ ], q) ⇒ rj .

This is generalised in our final definition:

Definition 4.4 STAR: Objects appearing in regionri sat-
isfying q during time intervalT Is will appear in region
rj during time intervalT Ie, whereT Is ∩ T Ie = ∅ and
T Is is immediately before1 T Ie. Notation: (ri, T Is, q) ⇒
(rj , T Ie).

From these we are interested in the rules that have a high
confidence and high support . We will use the notationri ⇒
rj or ζ for a STAR when we are not concerned with its exact
definition.

1That is, there does not exist a time-stampt that isbetweenthe time
intervals in the sense that(t < te∀te ∈ T Ie) ∧ (t > ts∀ts ∈ T Is).

Figure 4.1. Example data for spatio-temporal
association rule mining. See example 4.7.

Definition 4.5 Definesupport of a ruleζ, denoted byσ(ζ),
to be the number of objects that follow the rule, and the
support (with respect toq) of a regionr duringT I, denoted
by σ(r, T I, q), to be the number of distinct objects withinr
duringT I satisfyingq.

We will consider the problem of more rigorous support def-
initions that are more appropriate in a spatio-temporal set-
ting later.

Definition 4.6 Define theconfidenceof a ruleζ whose an-
tecedent contains regionri during T I, denoted byc(ζ), as
the conditional probability that the consequent is true given
that the antecedent is true. This is the probability that the
rule holds and is analogous to the traditional definition of
confidence and is given byc(ζ) = σ(ζ)/σ(ri, T I).

Note that all the definitions are equivalent whenT Is = t,
T Ie = t + 1 andτ = 1. We illustrate the above definitions
with an example.

Example 4.7 Consider Figure 4.1 which shows the move-
ment of the set of objectsS = {a, b, c, d, e, f, g} in the time-
frame[t, t + 3] captured at the four snapshotst, t + 1, t +
2, t + 3. Assume thatq = ‘true′ so that all objects satisfy



the query. We give examples for each STAR definition in
turn.

Consider the STARζ = (r1, t, @1, q) ⇒ r2. From the
diagram,{b, c, e} follow this rule, so the support of the rule
is σ(ζ) = 3. Since the total number of objects that started
in r1 is 5 = σ(r1, t) = |{a, b, c, d, e}|, the confidence of
the rule isc(ζ) = 3

5 . For ζ = (r1, t, @2, q) ⇒ r2 we have
σ(ζ) = 2 because{a, d} follow the rule, andc(ζ) = 2

5 .
For ζ = (r1, t, @3, q) ⇒ r2 we haveσ(ζ) = 0 because no
object appears inr2 for the first time at timet + 3.

The STARζ = (r1, t, 1, q) ⇒ r2 is equivalent toζ =
(r1, t, @1, q) ⇒ r2. But forζ = (r1, t, 2, q) ⇒ r2 we have
σ(ζ) = 4 because{a, b, c, d} follow the rule (for this STAR
definition we count them as long as they are still there at
time t + 2), andc(ζ) = 4

5 . For ζ = (r1, t, 3, q) ⇒ r2 we
haveσ(ζ) = 4 since{a, b, d, e} follow the rule (we don’t
count c because it is no longer inr2 at time t + 3), and
c(ζ) = 4

5 .
(r1, [t, 1], q) ⇒ r2 = (r1, t, 1, q) ⇒ r2 =

(r1, t, @1, q) ⇒ r2. For ζ = (r1, [t, 2], q) ⇒ r2 we
haveσ(ζ) = 5 because{a, b, c, d, e} satisfy the rule. e
satisfies even though it has left byt + 2. Since all ob-
jects fromr1 have made an appearance inr2 by t + 2
we must haveσ((r1, [t, k], q) ⇒ r2) = 5 for all k ≥ 2.
For ζ = (r1, [t + 1, 1], q) ⇒ r2 we haveσ(ζ) = 2 and
c(ζ) = 2

2 = 1
The STARζ = r1, [t, t], q) ⇒ (r2, [t + 1, t + k] is equiv-

alent to (r1, [t, k], q) ⇒ r2 for k ≥ 1. For the STAR
ζ = r1, [t, t + 1], q) ⇒ (r2, [t + 2, t + 3] we have5 distinct
objects ({a, b, c, d, e}) appearing inr1 during [t, t + 1] and
6 distinct objects ({a, b, c, d, e, g}) appearing inr2 during
[t+2, t+3]. The objects following the rule are{a, b, c, d, e}
so the support of the rule is5 and its confidence is55 = 1.
For ζ = r1, [t+1, t+2], q) ⇒ (r2, [t+3] we haveσ(ζ) = 3
andc(ζ) = 3

4 .

Counting the objects that move between regions is a sim-
ple task. The main idea is that ifS1 is the set of objects inr1

at timet andS2 is the set of objects inr2 at timet + 1 then
the number of objects moving fromr1 to r2 during that time
is |S1∩S2| (assuming objects don’t appear in more than one
region at a time).

4.1 Extending Support into the Spatio-
Temporal Setting

Defining support in a spatio-temporal setting is more
complicated than we have considered so far. Specifically,
the size of any spatial atom or term in the rule should affect
the support. That is, given the support in Definition 4.5,
two rules whose only difference is the area of the region in
which they apply will have identical support. Consider Fig-
ure 4.2 wherer1 ⊂ R1, and objects{a, b, c, d} move from
r1 to r2 between timet andt + 1. Then the rulesr1 ⇒ r2

Figure 4.2. Example data showing objects
moving from time t to t + 1.

and R1 ⇒ r2 have the same support2. However, among
these sets of equivalent rules we would prefer the rule cov-
ering the smallest area because it is more precise. A similar
issue arises when we wish to compare the support of rules
that cover different sized regions. Consider again Figure
4.2. The support ofr1 ⇒ r2 is 4 andσ(r3 ⇒ r4) = 2 while
σ(R1 ⇒ R2) = 6 which is higher than the other rules but
only because it has a greater coverage. This leads to the
conclusion that support should be defined in terms of the
coverage of a rule.

Definition 4.8 Thespatial coverageof a spatio-temporal
association ruleζ, denoted byφs(ζ), is the sum of the area
referenced in the antecedent and consequent of that rule.
Trivially, the spatial coverage of a regionri is defined as
φs(ri).

For example, the coverage of the rule(r1, t, τ, q) ⇒ r2 is
area(r1) + area(r2). This remains true even ifr1 = r2 so
that STARs with this property are not artificially advantaged
over the others.

We solve the problem of different sized regions by scal-
ing the supportσ(ζ) of a rule by the area that it covers, to
give spatial support.

Definition 4.9 The spatial support, denoted byσs(ζ), is
the spatial coverage scaled support of the rule. That is,
σs(ζ) = σ(ζ)/φs(ζ). The spatial support of a region
ri during T I and with respect toq is σs(ri, T I, q) =
σ(ri,T I,q)/φs(ri).

Consider again Figure 4.2 and assume theri have unit
area and theRi are completely composed of theri they
cover. Then we haveσs(r1 ⇒ r2) = σ(r1 ⇒ r2)/φs(r1 ∪
r2) = 4/2 = 2, σs(r3 ⇒ r4) = 2/2 = 1 andσs(R1 ⇒
R2) = σ(R1 ⇒ R2)/φs(R1 ∪ R2) = 6/4 = 3

2 . The rule

2Since{a, b, c, d} follow the rules, the support is 4 in both cases.



R1 ⇒ R2 no longer has an advantage, and in-fact its spatial
support is the weighted average of its two composing rules.

We do not need to scale confidence because it does not
suffer from these problems. Indeed, increasing the size of
the regions in a rule will on average increase bothσ(ζ)
andσ(ri, T Is), so larger regions are not advantaged. Con-
fidence is also a (conditional) probability, so scaling it by
spatial coverage would remove this property.

In a spatio-temporal database we must also consider the
temporal supportandtemporal coverage.

Definition 4.10 Thetemporal coverageof a ruleζ, denoted
by φt(ζ), is the total length of the time intervals in the rule
definition.

For example, the temporal coverage of the rule
(ri, T Is, q) ⇒ (rj , T Ie) is |T Es| + |T Ee| where
|T E| is an appropriate measure of the time interval width.

Definition 4.11 Thetemporal supportof a rule ζ, denoted
by σt(ζ), is the number of time interval pairsT I ′ =
[T Is, T Ie] over which it holds.

Note that we did not perform scaling by temporal cover-
age. In short, this is because we view the temporal cov-
erage as being defined by the user and so each rule mined
will necessarily have the same temporal coverage. A more
complicated reason presents itself when we consider min-
ing the actual rules. For example, assume the temporal
coverage of a ruleζ is τ . We have at least two options,
either we count the temporal support of the rule during
[t, t + τ ], [t + 1, t + 1 + τ ], [t + 2, t + 2 + τ ], ... or dur-
ing [t, t + τ ], [t + τ, t + 2τ ], [t + 2τ, t + 3τ ], .... Scaling
by temporal coverage would only make sense in the sec-
ond case. If we assume an open timescale (one that has no
end, or is sufficiently large that we can assume this) then the
number of opportunities to gain a support count (that is, for
the rule to hold) in the first case does not depend on the size
of τ . That is, the temporal coverage is not a factor.

Note that temporal supportonly applies to the case
where a user is interested in which STARs re-occur over
time (and hence that STARs which rarely occur are not in-
teresting). The reader should note that the definitions of
STARs that we give apply to a specific time interval and
describe how objects move during that time (indeed our al-
gorithms look at each pair of time intervalsT I ′ only once).
This is quite general in the sense that the mined STARs can
be analysed for changes over time, for periodicities, or sim-
ply aggregated in time to find recurrent patterns.

Both temporal and spatial coverage are defined by the
user (or by the application). Spatial coverage is inherent
in the size of the regions. Temporal coverage is more flex-
ible and determines the window for which rules must be

Figure 5.1. Illustration of the technique for
finding high traffic areas.

valid, but this choice is the same for all rules. When min-
ing STARs we attempt to find rules that have aspatial sup-
port above a threshold,minSpatSup, a confidenceabove
minConf . If the user is interested in summarising STARs
over time, we additionally output only those rules withtem-
poral supportaboveminT empSup.

5 Hot-Spots, High Traffic Areas and Station-
ary Regions

Definition 5.1 A regionr is a dense region orhot spotwith
respect toq during T I if density(r, T I) ≡ σs(r, T I, q) ≥
minDensity

We define a regionr to have high traffic (with respect to
some queryq) if the number of objects that satisfyq and are
entering and/or leaving the region is above some threshold.
A stationary region is one where enough objects remain in
the region. These patterns are a special type of STAR.

They are also easy to find. Consider twosuccessivetime
intervalsT I1 and T I2. Then the number of objects (sat-
isfying q) that are inr in T I2 that were not there inT I1

is the number of objects that enteredr betweenT I1 and
T I2. Let S1 be the set of objects (satisfyingq) that are in
r duringT I1, and letS2 be the corresponding set forT I2.
As demonstrated in Figure 5.1, we are clearly looking for
|S2 − S1|, where− is the set difference operation. Simi-
larly, the number of objects leavingr is |S1 − S2| and the
number of objects that remain inr for bothT I1 andT I2 is
|S1 ∩ S2|.

Example 5.2 Consider again Figure 4.1 duringT I ′ =
[[t, t], [t + 1, t + 1]] ≡ [t, t + 1] and assume the thresh-
old is 3. {e, b, c} enter r2 during T I ′, so r2 is a sink
and because they came fromr1, r1 is a source. During
T I ′ = [t + 1, t + 2], {g, b, c} remain inr2 so it is a station-
ary region duringT I ′. If the threshold is2, it would also be
a thoroughfare because{a, d} enter while{e, f} leave dur-
ing T I ′. r2 is also a stationary region during[t = 2, t + 3]
because{a, b, d} stay there.



To express high traffic regions as STARs, note that if
we let ∗ be the the set of regions excludingr but includ-
ing a special regionrelse, then the number of objects en-
tering r during T I ′ = [T Ii, T Ii+1] is just the support of
(∗, T Ii, q) ⇒ (r, T Ii+1). We needrelse to cater for the
case that an object ‘just’ appears (disapears) from the re-
gion set. We model this as the object coming from (going
to) relse. This situation would happen in the mobile phone
example when a user turns his/her phone on (off). We now
formally define high traffic areas and stationary regions.

Definition 5.3 A regionr is a high traffic region with re-
spect to queryq if the number of objects (satisfyingq) en-
tering r (ne) or leavingr (nl) during T I ′ = [T Ii, T Ii+1]
satisfy

α
φs(r)

≥ minT raffic : α = ne or nl

whereminT raffic is a given density threshold andφs is
given by definition 4.8. Note thatne ≡ σ((∗, T Ii, q) ⇒
(r, T Ii+1)) andnl ≡ σ((r, T Ii, q) ⇒ (∗, T Ii+1)).

Such regions can be further subdivided. Ifne/φs(r) is
aboveminT raffic we call that region asink. If nl/φs(r)
is aboveminT raffic we call it asource,and if a region
is classified as both a sink and a source we call it athor-
oughfare.

Definition 5.4 If the number of objects remaining inr,
denoted byns, satisfies ns

φs(r) ≡ σ((r, T Ii, q) ⇒
(r, T Ii+1))/φs(r) ≥ minT raffic then we callr a sta-
tionary region. A stationary region may or may not be a
high traffic region.

Note that if we definearea(∗) = 0 then the definition
of high traffic areas is a statement about thespatial support
of special types of STARs. For stationary regions however,
we get as a consequence of Definition 4.8 thatns

φs(r) = 2 ·
σs((r, T Ii, q) ⇒ (r, T Ii+1)). We definenα/φs(r) : α ∈
{e, l, s} as thespatial supportof these patterns.

The following theorem allows us to prune the search
space for finding high traffic regions and stationary regions.

Theorem 5.5 If minT raffic ≥ minDensity then:
1). The set of sources during[T Ii, T Ii+1] are a subset

of dense regions duringT Ii,
2). The set of sinks during[T Ii, T Ii+1] are a subset of

dense regions duringT Ii+1 and
3). The set of stationary regions during[T Ii, T Ii+1] are

a subset of the regions that are both dense duringT Ii and
duringT Ii+1.

Proof: See appendix.

1

Figure 6.1. Illustration of the complete mining
procedure.

As a consequence, ifminT raffic ≥ minDensity then
the set of thoroughfares during[T Ii, T Ii+1] is a subset of
the regions that are dense at timeT Ii and at timeT Ii+1.

These properties prune the search for high traffic re-
gions, so we can find high traffic regions by setting
minDensity = minT raffic, mining all hot-spots and
then mining the hot-spots for high traffic areas.

6 Mining Spatio-Temporal Association Rules

In this section we exploit the high traffic area mining
techniques to develop an efficient STAR mining algorithm
for the STARs of definition 4.4. These STARs are parame-
terised by a queryq which we will omit from the discussion
for simplicity.

As a motivation to why this is useful, assume a set of re-
gionsR for which we have data fork time instances. Then
there are|R|2(k−1) possible rules, since there are|R| start-
ing regions and|R| finishing regions (staying put is possible
too), and for each such pair there are up tok−1 time-frames
to examine. Using a brute force method, this would require
|R|2(k−1) counts of the number of objects in a region. Our
algorithms address the quadratic time component.

The reader may find it useful to refer to Figure 6.1 while
reading the following.

The steps to mine STARs of definition 4.4 with spa-
tial support aboveminSpatSup and confidence above
minConf during the time intervalT I ′

i = [T Ii, T Ii+i] are
as follows:

1. LetsizeF actor = maxk(area(rk))+mink(area(rk))
maxk(area(rk))

2. SetminDensity = minSpatSup · sizeF actor and
mine allhot-spotsduringT Ii and duringT Ii+1 to pro-
duce the setHi andHi+1.



3. SetminT raffic = minSpatSup · sizeF actor and
find the set ofhigh traffic areasandstationary regions
from Hi andHi+1. Denote the set ofsourcesby A, the
set ofsinksby C, the set ofthoroughfaresby T and the
set ofstationary regionsby S. Recall from Theorem
5.5 thatA ⊂ Hi, C ⊂ Hi+1, S ⊂ Hi ∩ Hi+1 and
T = A ∩ C ⊂ Hi ∩ Hi+1.

4. We will show thatA contains all candidates for the
antecedent of STARs,C contains all the candidates for
consequents of STARs andS contains all the STARs
where the antecedent is the same as the consequent.
Using this we evaluate the rules corresponding to the
elements ofA×C−S×S andS for spatial support and
confidence3. We keep all rules that pass these tests.

We then apply the above procedure for the next succes-
sive set of timestampsT I ′

i+1 = [T Ii+1, T Ii+2] and so
on. We therefore generate a sequence of pattern sets (hot-
spots, high traffic areas, stationary regions and STARs)
< ξi, ξi+1, ξi+2, ... > over time. If desired, we aggregate
the patterns by counting the number of intervalsT I ′ for
which each of the the patterns hold. If the total number of
these (its temporal support as defined earlier) is above the
thresholdminT empSup after the procedure is complete,
we output the pattern.

TheT I are given by aschedule algorithmthat splits up
the timestamps into a stream of time intervals. There are
many possible choices for this algorithm, two examples of
which we have considered in section 4.1.

An optional pruning method may be applied that takes
into account an objects maximum speed or other restric-
tions on its movement. That is, a STAR will not exist be-
tween two regionsri andrj if they are so far apart that it is
impossible to reachrj from ri during the time intervalT I ′.
Define a neighbourhood relationN(Ri, Rj) that outputs the
subsetS of Ri × Rj such thatS = {ri, rj : N(ri, rj) =
1, ri ∈ Ri, rj ∈ Rj}. Here,Ri, Rj are sets of regions,
andN(ri, rj) is 1 if and only if ri andrj are neighbours.
By ‘neighbours’ we mean thatrj can be reached fromrj

during T I ′. This relation allows restrictions such as ‘one
way’ areas, inaccessible areas, and maximum speed of ob-
jects to be exploited for further pruning the search space. If
such a relation is available, we now need only to evaluate
N(A, C) − S × S.

The reader should note that|A × C − S × S| ≤ |R × R|,
and that the amount by which it is smaller depends on the
data and spatial support settings. We effectively prune the
search spaceas much as possible given the dataset and min-
ing parametersbefore doing the computationally expensive

3Note thatS may or may not be contained inA∪C and may in fact be
disjoint. This is why we need to evaluate all ofS for STARs. Since some
overlap may occur, we save repeated work by evaluatingA × C − S × S
rather thanA × C.

part. Our experiments show that this time saving is large in
practice, even for very small spatial support thresholds.

The reader will note that thestationary regions, high
traffic areasandSTARshave spatial and temporal support
defined for them, and apply over two successive time inter-
vals T I ′ = [T Ii, T Ii+1]. Hot spotsare defined over one
time interval however. It is useful to have a definition of hot
spots that applies forT I ′ to unify the patterns and to allow a
universal definition of temporal support. We have a number
of choices, but we feel the following is the most logical:

Definition 6.1 Define ahot-spotor dense regionduring
T I ′ = [T Ii, T Ii+1] as a region that is dense during both
bothT Ii andT Ii+1.

That is, the set of dense regions duringT I ′ = [T Ii, T Ii+1]
is Hi ∩ Hi+1 in our procedure above. Defining temporal
support is trivial: it is just the number ofT I ′s for which the
region is dense.

6.1 Justification of the STAR Mining Al-
gorithm

We now present the theorem that underpins our STAR
mining algorithm:

Theorem 6.2 If sizeF actor · minSpatSup ≥
minT raffic then duringT I ′ = [T Ii, T Ii+1]:

1). The set of consequent regions of STARs with spatial
support aboveminSpatSup is a subset of the set of sinks,
C.

2). The set of antecedent regions of STARs with spa-
tial support aboveminSpatSup is a subset of the set of
sources,A, and

3). The set of STARs whose consequent and an-
tecedent are the same and have a spatial support above
minSpatSup correspond to a subset of stationary points,
with equality when2 · minSpatSup = minT raffic.

Proof: See appendix.

If regions are of different sizes, then in the worst case
situation where a very large region and a very small re-
gion exist the pruning will be least efficient. In the limit-
ing case we obtain the choice which gives the lower bound
minchoice of region geometry sizeF actor = 1. On the other
hand, the best pruning occurs when all the regions are the
same size, in which casesizeF actor = 2 and set of station-
ary regions corresponds exactly to the set of STARs with the
same antecedents and consequents.

So when all regions are the same size we set2 ·
minSpatSupport = minT raffic = minDensity in the
procedure above and we don’t need to check the rules cor-
responding toS for support.



7 Experiments

In this section we present the results of our STAR mining
algorithm.

7.1 The Datasets

We used a modified4 version of the well known GSTD-
TOOL to generate the data for our experiments. Theodoridis
et al. [10] proposed the GSTD (“Generate Spatio-Temporal
Data”) algorithm for building sets of moving points or rect-
angular objects. For each objecto the GSTD algorithm gen-
erates tuples of the form(id, t, x, y, ...) whereid is a unique
id, t is a time-stamp witht ∈ [0, 1] and(x, y) are the coor-
dinates of the point in[0, 1]2. Object movements are config-
urable by specifying the distribution of changes in location.

We generated four datasets for our experiments consist-
ing of 10, 000 points each. We generated101 instances
for each of these points corresponding to the timestamps
0, 0.01, 0.02, ..., 1 which gave us101, 000 instances per
dataset. That is, the points changed their location every0.01
time units which can be thought of as sampling the location
of continuously moving objects every0.01 time units. We
use the following partitioning of timestamps to generate our
intervals:T I ′ = [t, t+1], [t+1, t+2], [t+2, t+3], .... That
is, the time intervals discussed in our algorithms become
individual timestamps and each successive pair of time
stamps is used for STAR mining. The distributions used
for object movement wereX ∼ uniform(−0.01, 0.05)
and Y ∼ uniform(−0.01, 0.1). This means that object
updates follow the rulesx = x + X, y = y + Y , and on
average will move0.02 to the right and0.045 units up the
unit square.Toroidal adjustment was used so objects wrap
around the unit square when they reach its boundary. The
initial distributions wereGaussianwith mean0.5 for both
x andy directions. Our four datasets differed only in the
variance of the initial distributions as shown in Figure 7.1.

For the parameters listed above, the objects make about
4.5 loops of the workspace during the100 timestamps in the
dataset. This speed and the randomness of the motion also
has the effect of spreading the objects out rather quickly
over the workspace. Therefore, even the compact dataset
becomes sparse toward the end of the100 timestamps. The
compact dataset is thus not as easy for our STAR mining
algorithm as it might first appear. Indeed, the datasets were
chosen to thoroughly exercise our algorithm.

7.1.1 The Regions

We used four different region configurations, all grids. The
number of regions was varied, while keeping the total area

4The GSTD algorithm does not output data in time order. We modified
it to do so because sorting the output was not feasible for large datasets

(a) Compact Dataset (σ2 =
0.05)

(b) Medium Dataset (σ2 = 0.1)

(c) Sparse Dataset (σ2 = 0.2) (d) Very Sparse Dataset (σ2 =
0.05)

Figure 7.1. Initial Distribution of the Four
Datasets

covered constant at154 = 50625 (the output of the GSTD
algorithm was scaled to this area). The numbers of regions
we tested were 36, 81, 144, 225, 324 and 441 in an × n
grid configuration.

7.2 Evaluating the STAR Mining Algo-
rithm

We evaluate the performance gains of the algorithm over
a brute force algorithm performing the same task on the var-
ious datasets, using different parameter settings.

Recall that the STAR mining algorithm first found dense
regions, then used these to find sources, sinks, thorough-
fares and stationary regions. It then used the sources as po-
tential antecedents (A), the sinks as potential consequents
(C) and evaluated all STARs corresponding to a subset
of the cross productA × C for spatial support and confi-
dence. The brute force mining algorithm simply evaluates
all STARs corresponding to the cross productR × R where
R is the set of all regions.

We used a simple brute force technique to find the dense
regions. We didnot use a neighbourhood relation to further
prune the search space in these experiments.

We varied the spatial support thresholds:
minSpatSup ∈ {0.05, 0.075, 0.1}. Due to our re-



gion configuration (which givessizeF actor = 2),
and using the results from the theory, we always have
minSpatSup · 2 = minDensity = minT raffic. We
also usedminConf = 0.0 (ie: no confidence threshold)
andminT empSup = 1.

The choice of avery low spatial support threshold
(minSpatSup = 0.05) was made so that many rules were
mined for all the datasets, and that a high proportion of re-
gions would be dense and high traffic regions according to
the corresponding thresholds. For example, for the15 by 15
region set,minSpatSup = 0.05 corresponds to a region
being dense (high traffic) if at least22.5 objects occupy it
(move into it or out of it). Since there are10, 000 objects
and only152 = 225 regions, this means that if the points
were spread out evenly (which is almost the case for the
very sparse dataset, and all datasets at the end of the 101
timestamps), each region would have more than44 objects
in it, more than sufficient for the support thresholds. And
since objects will move on average more than2/3 of the
way across a region during each timestamp, there will be
plenty of objects moving between regions to provide sup-
port for high traffic regions and STARs. With the finer re-
gion configurations (18 × 18, 21 × 21) objects almost move
an entire region width each timestamp. If the algorithm per-
forms well on very low setting of support, then it is guaran-
teed to perform even better for higher settings. The other
support settings are still quite low but are large enough to
demonstrate how big the benefits of pruning are. For the
highest (σs = 0.1) in the15 × 15 region configuration the
support threshold works out to be45, barely greater than the
average number of objects per region.

7.2.1 Results

As expected, the rules mined by our STAR mining algo-
rithm, which is labeled in the figures as the ‘pruning’ tech-
nique, were identical to those mined by the brute force algo-
rithm. The time taken to mine the rules using our algorithm
was far superior to the brute force algorithm, as can be seen
in Figures 7.2.

Recall that the benefit of our algorithm is to prune the
search space of STARs in order to avoid the quadratic time
explosion that occurs when the the antecedent and conse-
quent of a rule both vary over the set of all regions. In our
algorithm, this quadratic time component occurs only for
a subset of the total regions. Since the size of this sub-
set depends on the support thresholds and the spread of
the data (assuming of course that the points are sufficiently
dense, which was deliberately the case for our datasets), the
more spread out the data is, the more regions become po-
tential sources and sinks (and hence potential antecedents
and consequents) and the more regions must be examined
for STARs. This effect is demonstrated in the results for the

1

(a) Compact Dataset

1

(b) Medium Dataset

1

(c) Sparse Dataset

1

(d) Very Sparse Dataset

Figure 7.2. Results on the different datasets
with different support settings. Axes are time
(ms) vs number of regions



four datasets used.
For the compact dataset case (Figure 7.2(a)), the time

taken by the pruning algorithm for all support thresholds
grows significantly slower than the brute force approach.

For the very sparse dataset (Figure 7.2(d)), the time for
both algorithms grow at a similar rate forminSpatSup =
0.05 but the pruning algorithm is still significantly faster.
Recall that for thislow setting of the support threshold, al-
most every region becomes dense and a high traffic region.
For the higher support thresholds, the pruning algorithm
is able to prune more regions and subsequently performs
much better.

The other datasets fall between these two cases. In all
cases it can be seen that pruning is very beneficial and that
the amount the search space can be pruned is determined
by the support thresholds. Since users will be looking for
patterns with high support, this is ideal.

8 Conclusions

We have presented a rigorous definition of spatio-
temporal association rules (STARs) while retaining the se-
mantics of spatial and temporal data. Furthermore, we have
defined temporal patterns in spatial regions:hot spots, sta-
tionary regions, high traffic areas, sources, sinksandthor-
oughfares. These can be used to prune the search space of
STARs, but are also interesting in their own right. All of the
patterns we have introduced describe temporal features of
object mobility datasets. By mining the patterns on a time
interval by time interval basis, we can not only find current
patterns, but also see how these patterns evolve over longer
periods of time. We also demonstrated how our techniques
pruned the search space as much as possible before doing
the computationally expensive part, leading to very efficient
mining algorithms.

Appendix: Proofs

Proof of Theorem 5.5: Let n(T Ii) be the number of ob-
jects inr duringT Ii, let nl(T Ii) be the number of objects
leavingr duringT Ii (compared withn(T Ii−1)), and simi-
larly, letne(T Ii) be the number of objects enteringr during
T Ii. The set of objects leaving a regionr duringT Ii+1 is
a subset of the objects within that region duringT I. So
nl(T Ii+1) ≤ n(T Ii). Similarly, the number of objects en-
tering r during T Ii+1 is a subset of the number of objects
in r during T Ii+1, giving ne(T Ii+1) ≤ n(T Ii+1). For
r to be classified as a source duringT I ′ = [T Ii, T Ii+1]
we must havenl(T Ii+1)/φs(r) ≥ minT raffic. So if
minT raffic ≥ minDensity then density(r, T Ii) =
n(T Ii)/φs(r) ≥ nl(T Ii+1)/φs(r) ≥ minT raffic ≥
minDensity so r must be dense duringT Ii. Similarly,

for sinks we havedensity(r, T Ii+1) = n(T Ii+1)/φs(r) ≥
ne(T Ii+1)/φs(r) ≥ minT raffic ≥ minDensity.

The set of stationary regions is the intersection of the
objects that are in the region duringT Ii (S1) and the set
of objects that are in the region duringT Ii+1 (S2). The
stationary regions are thus clearly a subset of bothS1 and
S2. Thereforer can be a stationary region only ifr is dense
during bothT Ii and T Ii+1 with respect to the threshold
minT raffic. �

Proof of Theorem 6.2: In the following the time inter-
val T I ′ = [T Ii, T Ii+1] is implicit. Consider two re-
gionsri andrj wherei andj range over all possible val-
ues. Letnl be the number of objects leavingri during
T I ′, let ne be the number of objects enteringrj during
T I ′ and letnm be the number of objects moving fromri

to rj . Clearly nm ≤ ne and nm ≤ nl. For the rule
ζ = (ri, T Ii, q) ⇒ (rj , T Ii+1) to have support of at
leastminSpatSup we haveσs(ζ) = nm

area(ri)+area(rj) ≥
minSpatSup. We then have nl

area(ri)+area(rj) ≥ σs(ζ)

and ne
area(ri)+area(rj) ≥ σs(ζ) so nl

area(ri)
≥ σs(ζ) ·

area(ri)+area(rj)
area(ri)

and ne
area(rj) ≥ σs(ζ) · area(ri)+area(rj)

area(rj) .
Therefore by definition 5.3 on page 7,ri is a source ifσs(ζ)·
area(ri)+area(rj)

area(ri)
≥ minT raffic andrj is a sink ifσs(ζ) ·

area(ri)+area(rj)
area(rj) ≥ minT raffic since in those cases we

have nl
area(ri)

≥ σs(ζ) · area(ri)+area(rj)
area(ri)

≥ minT raffic

and ne
area(rj) ≥ σs(ζ) · area(ri)+area(rj)

area(rj) ≥ minT raffic.
For both the source and sink to be found we must
thus havemin

(
area(ri)+area(rj)

area(ri)
, area(ri)+area(rj)

area(rj)

)
≥

minT raffic. Now because we require the rela-
tionship to hold for all ri and rj we must min-

imisemin
(

area(ri)+area(rj)
area(ri)

, area(ri)+area(rj)
area(rj)

)
so that the

bound is strict. Sincearea(ri)+area(rj)
area(ri)

is minimised for
the choice of regionsri = maxk(area(rk)) and rj =
mink(area(rk)), the value we require issizeF actor.

The last case is a consequence of the definition of the
spatial support - that is, even if the antecedent and conse-
quent are the same they are both still counted in the scaling
factor. In this case we haveri = rj . Let ns be the num-
ber of objects remaining in regionr = ri = rj . By the
definition of spatial support we haveσs(ζ) = ns

2·area(r) and
for ζ to have sufficient spatial support we requireσs(ζ) =

ns
2·area(r) ≥ minSpatSup. Now r is a stationary region if

ns
area(r) ≥ minT raffic so all rulesζ whereri = rj will
be found if2 · minSpatSup ≥ minT raffic, with the set
of such STARs being exactly equal to the set of stationary
points if 2 · minSpatSup = minT raffic. The theorem
follows by noting that
maxchoice of region geometry sizeF actor = 2. �
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