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Abstract

A Spatio-Temporal Association Rule (STAR) de-
scribes how objects move between regions over time.
Since they describe only a single movement between
two regions, it is very difficult to see larger patterns
in the dataset by considering only the set of STARs.
It is especially difficult on complex datasets where
the underlying patterns overlap. At best we will
miss important patterns - being unable to “see the
forest for the trees”, and at worst this can lead to
false interpretations. We introduce the k-STAR pat-
tern which describes the sequences of STARs that ob-
jects obey. Since a k-STAR captures sequences of ob-
ject movements it solves these problems. We also al-
low space and time gaps between successive STARs,
as well as supporting ‘replenishable’ k-STARs so we
are able to capture the rich set of patterns that exist
in real world data. We define two important mea-
sures; min-l-support and min-l-confidence that al-
low us to achieve the above and present various anti-
monotonic and weakly anti-monotonic properties for
reducing the search space1.

1 Introduction

We consider datasets where many uniquely iden-
tifiable objects move throughout different sized re-
gions, such as mobile phone users through the cells
of a mobile phone network. Such datasets are com-
posed of a sequence of snapshots of which regions
the objects are in – that is, we do not know their pre-
cise location. A Spatio-Temporal Association Rule
(STAR)[7] tells us how objects move between these
regions over time:

Definition 1 (STAR). ζ = (ra, T Ia) ⇒ (rc, T Ic)
Objects appearing in region ra during time interval
TIa will appear in region rc during time interval

1The author’s PhD scholarship is partly funded by the Aus-
tralian Research Council (ARC) Discovery Grant DP0559005.

TIc, where TIa < TIc (See Figure 2 for definition
of <).

In [7] we were interested in those rules with high
support and confidence – that is, where enough ob-
jects satisfy the rule (support), and where the proba-
bility that the rule holds is high enough (confidence).
Our algorithm, which we call STARMiner, scanned
the dataset once and efficiently mined all STARs with
sufficient support and confidence.

STARs tell us about individual movements that
groups of objects make. But this does not tell us any-
thing about their movements beyond the time inter-
val pair TI ′ = [TIa, T Ic]. Figure 1(a) shows 13
STARs and an indication of the time intervals for
which they apply. Each STAR tells us that the move-
ment it describes is interesting, but apart from the
time intervals we have no clue where objects go next.
We could have many STARs entering and leaving the
same region at roughly the same time, so we cannot
tell which path to follow – such as in r4. This is es-
pecially confusing when many paths intersect. Fur-
thermore, if there is a significant time delay between
when a particular group of objects enter and leave the
region, we may be mislead by the time intervals. For
example, there is no reason why objects cannot move
from r1 to r7, spread out into other regions (‘go their
separate ways’), then converge back into r7 before
moving to r2 together, rather than immediately mov-
ing to r3 which would be a first assumption. Note
that if they merely stayed in r7 we would have rules
telling us this (r7 → r7).

So it should be clear that in a situation such as
Figure 1(a), it is very difficult to draw any conclu-
sions about the overall object trajectories and paths –
that is, the sequence of movements they make – be-
cause we cannot drill up. Figure 1(b) shows some
possible sequences (made by three groups of objects
{A,B,C}) that could have produced Figure 1(a).
Unlike the Figure 1(a) there is no ambiguity and it
tells us much more useful information that can be



(a) 13 STARs, labeled with a number indicating whether it
applies before, after, or at the same time as other STARs.

(b) One possible underlying sequence of movements in (a).
k-STARs allow us to mine these sequences, removing the am-
biguity. The self-loop tells us that objects remain stationary.

(c) Space and time gaps are allowed, so 〈ζ1, ζ2, ζ3〉 is
mined.

(d) k-STAR ‘replenishment’ allows us to create
〈ζ1, ζ2, ζ3, ζ4〉 for mining patterns such as roads.

Figure 1. Motivating examples.

used to predict object movements. Finally, we can
always drill down to subsequences for closer exam-
ination. This is the motivation behind sequences of
STARs – k-STARs: (See Figure 2 for definitions of
TI∗(·) and R∗(·)).
Definition 2. A k-STAR is a sequence of STARs
Υ = 〈ζ1, ζ2, ..., ζk〉 : k = 1, 2, ... such that
TIC(ζi) ≤ TIA(ζi+1) with equality only allowed2

when RC(ζi) = RA(ζi+1). We say Υ′ is a
sub-k-STAR of Υ, written Υ′ � Υ, if Υ′ =
〈ζi, ζi+1, ..., ζj〉 : 1 ≤ i ≤ j ≤ k. That is, a sub-
sequence with no gaps.

Note that this definition is quite broad – we allow
quite general patterns that we think are important for

2RC(ζi) �= RA(ζi+1) but TIC(ζi) = TIA(ζi+1) makes
no sense as objects cannot be in two places at once

For ζ = (ra, T Ia) ⇒ (rc, T Ic):
TIA(ζ) = TIa, TIC(ζ) = TIc, RA(ζ) = ra,
RC(ζ) = rc and TI(ζ) = [TIA(ζ), T IA(ζ)].
TIi are fixed width time intervals. Define TIi < TIj

if TIi occurs before TIj and they do not overlap.
O(r, T I) is the set of objects making an appearance in
region r during TI .
OA(ζ) = O (RA(ζ), T IA(ζ))
OC(ζ) = O (RC(ζ), T IC(ζ))
O(ζ) = OA(ζ) ∩ OC(ζ), the objects that follow ζ.
The support of ζ is σ(ζ) = |O(ζ)|. The support of
region r during TI is σ(r, T I) = |O(r, T I)|.
The confidence of ζ is c(ζ) = σ(ζ)/|OA(ζ)| – the frac-
tion of objects that followed the rule, given that they
were in the antecedent of the rule. It is an estimate of
P (o ∈ OC(ζ)|o ∈ OA(ζ)).
For Υ = 〈ζ1, ζ2, ..., ζk〉 of length |Υ| = k:
σi,l =

∣
∣∩i+l−1

j=i O(ζj)
∣
∣, the support of the sub-k-STAR

〈ζi, ..., ζi+l−1〉 of length l.
ci,l = σi,l/|OA(ζi)|, the confidence of the sub-k-STAR
〈ζi, ..., ζi+l−1〉 of length l.
lσ(Υ) = {l : σ(Υ)min

l ≥ minSup}
lc(Υ) = {l : c(Υ)min

l ≥ minConf}
(The sets of l for which Υ is min-l-frequent/confident).
lσmax(Υ) = max(lσ(Υ))

Figure 2. Definitions not in the text

studying object mobility datasets:
First, we allow space and time gaps between in-

dividual STARs. Figure 1(c) shows three STARs
that are considered interesting (ζ1, ζ2 and ζ3) and
some paths that objects follow, but with insufficient
support and confidence to be of interest. Specifi-
cally, objects move along ζ1, then some follow the
top path while others follow the bottom path, before
they merge again to follow ζ2 and ζ3. The sequence
〈ζ1, ζ2, ζ3〉 accurately describes this pattern, but if we
did not allow space gaps (ie: RC(ζ1) �= RA(ζ2)) or
time gaps (ie: TIC(ζ1) < TIA(ζ2)) we would miss
it3. The sequence 〈ζ1, ζ2, ζ3〉 is also different to min-
ing 〈ζ1, ζ2〉 and ζ3 separately, which would tell us
that not enough (or indeed any) objects travel the en-
tire sequence.

Secondly, we allow limited ‘replenishment’ of
patterns. This is useful because it allows us to mine
patterns that are supported by many objects, but they
might not all travel down the entire length of the
sequence. Consider Figure 1(d) which shows two
groups of objects (A and B). Enough objects travel
the paths to ensure that each of ζ1, ..., ζ4 are inter-
esting, but none travel the entire sequence. The se-

3Note that we cannot consider the k-STAR as a sequence of
regions and time pairs as this cannot express space or time gaps.



quences 〈ζ1, ζ2〉 and 〈ζ2, ζ3, ζ4〉 are therefore inter-
esting. But what about Υ = 〈ζ1, ζ2, ζ3, ζ4〉? Since
all consecutive and overlapping subsequences of Υ
of length 2 are interesting ( 〈ζ1, ζ2〉, 〈ζ2, ζ3〉, 〈ζ3, ζ4〉)
we say (for now4) that Υ is “interesting at level
l = 2”. We do this because there are many situa-
tions where such a pattern is useful, such as finding
roads and highways. Not all objects travel their en-
tire length, so we would not get a k-STAR that rep-
resents them if we do not allow this ‘replenishment’.
Secondly, the pattern gives a high level view of the
objects motion, and the levels (there may be more
than one) at which the sequence is interesting tells us
a lot about the behaviour of the objects. If we want
more detail we can always drill down the lattice de-
fined by these k-STARs to explore them in more de-
tail. The overlap of consecutive sequences ensures
we find only ‘real’ sequences, not just an arbitrary
concatenation of sequences. The above discussion
leads to two measures of ‘interestingness’ that apply
to k-STARS: min-l-support and min-l-confidence.

Finally, note that ζ may have RA(ζ) = RC(ζ)
which allows us to express sequences that includ the
scenario when the objects remain still. There is an
example of this in Figure 1(a) and 1(b). Note that
this is different to the time gap scenario, which tells
us that objects did not remain stationary, but did not
generate any interesting movements either.

Our contributions are as follows:
1. We define k-STARs – a new type of pattern for

mining object mobility databases that is flexible
enough to mine a wide variety of sequences that
are interesting in real world applications.

2. We outline the properties of two novel measures
supporting the above for evaluating the interest-
ingness of k-STARs: min-l-support and min-l-
confidence. The Lemmas that we present enable
efficient mining of k-STARs. We also describe
a lattice on all k-STARs that allows us to drill
up and drill down for exploratory data mining.
This greatly improves the ability to interpret the
many patterns that are found.

2 Related Work
We considered STARs and other interesting pat-

terns in [7]. Interesting work that deals with spatio-
temporal patterns in the spatio-temporal domain (but
are not association type patterns) include [5, 3, 4, 2].
Except for [2], none of these consider sequences.
Traditional temporal sequence mining [1] does not

4We define our interestingness measures in Section 3.

address the issues of spatio-temporal data and it is not
possible to map k-STARs into these sequence mining
algorithms.

Cao et al. [2] is the most relevant work. They con-
sider the mining of frequent sequences of line seg-
ments that approximate an object’s movements over
time. Since they consider strings of (x, y, t) coor-
dinates, they cannot mine patterns where there is a
space or time gap because their pattern cannot ex-
press this type of behaviour. Their patterns are also
fundamentally different to ours; we consider a set of
region while [2] use the object coordinates, we mine
patterns supported by many objects, while [2] mine
recurring patterns of the same object. The ability to
mine space and time gaps, as well as replenishable
patterns, k-STAR lattice and min-l-support and min-
l-confidence measures also distinguishes our work.

3 k-STARs

Based on the discussion in Section 1, our problem
definition is to mine all5 possible k-STARs Υ with
min-l-support and min-l-confidence (which we intro-
duce shortly) above minSup and minConf thresh-
olds and the possible l for which these hold. The
desired l are sets lσ(Υ) and lc(Υ) (which we dis-
cuss later), and we have the additional constraint that
∃l, l′ : l ∈ lσ(Υ) ∧ l′ ∈ lc(Υ) ∧ l, l′ ≥ minL (an-
other threshold). That is, Υ must be min-l-confident
and min-l-frequent for at least one l ≥ minL.

Motivated by the discussion in Section 1, we
are interested only in Υ where each sub-k-STAR of
length l ≥ minL is frequent or confident. By fre-
quent (confident) we mean ‘has support (confidence)
above threshold minSup (minConf )’. The reader
may find Figure 3(a) useful, and should refer to Fig-
ure 2 for the relevant notation. In the following let
Υk = 〈ζ1, ζ2, ..., ζk〉 so |Υk| = k.

Definition 3. The min-l-support of Υk is
σ(Υk)min

l = mini∈{1,...,k−l+1} σi,l, 1 ≤ l ≤ k.

Definition 4. The min-l-confidence of
Υk is c(Υk)min

l = mini∈{1,...,k−l+1} ci,l,
1 ≤ l ≤ k, an estimate of
mini∈{1,...,k−l+1} P

(∩i+l−1
j=i O(ζj) |OA(ζi)

)
.

That is, it is the minimum support (confidence) of
all the k− l +1 sub-k-STARs of length l. This means

5However, for practical purposes it makes sense to impose a
user defined upper limit, maxDelay, and a user defined Neigh-
bourhood function N(r, t) which limit the time and space gaps.
Finally, we have two more optional parameters, maxD and
minK. These are all described in [6].



that if we are given a k-STAR with σmin(Υk)l =
β and cmin(Υk)l = α, we can say that a) for any
region and time specified by the antecedents of the
first k − l + 1 ζi, at least β objects follow Υk for
at least l ζ’s and b) any object appearing in any of
the regions at times specified by the antecedents of
the first k − l + 1 ζi will follow Υk for at least l
ζ’s with probability6 at least α. This is very useful
(and indeed required) for making use of such rules. It
should be clear that l < k allows the ‘replenishment’
and associated patterns discussed in Section 1, and
minL restricts the possible replenishment.

In the remainder of this paper we present a
number of useful properties. The proofs are
available in [6]. Let Υk = 〈ζ1, ζ2, ..., ζk〉
and Υk+1 = 〈ζ1, ζ2, ..., ζk, ζk+1〉 or Υk+1 =
〈ζk+1, ζ1, ζ2, ..., ζk〉. That is, we add the extra ζ to
either the front or the back of Υk.

Fact 1. σ(Υk)min
l ≥ σ(Υk+1)min

l . That is, min-l-
support is anti-monotonic in k.

Lemma 1. σ(Υk)min
l ≥ σ(Υk)min

l+1 . That is, min-l-
support is anti-monotonic in l.

These follow from the fact that σj,l ≥ σi,l+1∀j :
〈ζj , ..., ζj+l−1〉 ⊂ 〈ζi, ..., ζi+l〉. In summary we
have σ(Υk)min

l ≥ σ(Υk)min
l+1 ≥ σ(Υk+1)min

l+1 . This
means that if Υk = 〈ζ1, ..., ζk〉 is l1-frequent, then it
is l-frequent for all l ≤ l1. Furthermore, any sub-k-
STAR Υ′ = 〈ζi, ..., ζj〉 : 1 ≤ i ≤ j ≤ k is also at
least min-l1-frequent.

Fact 2. c(Υk)min
l ≥ c(Υk+1)min

l . That is, min-l-
confidence is anti-monotonic in k.

Lemma 2. c(Υk)min
l ≥ c(Υk)min

l+1 , l < k if and
only if ∃i ∈ {1, ..., k − l} : ci,l+1 ≤ ck−l+1,l. That
is, c(Υk)min

l < c(Υk)min
l+1 if and only if ci,l+1 >

ck−l+1,l∀i ∈ {1, ..., k − l}. We say that min-l-
confidence is weakly anti-monotonic in l.

The term weakly anti-monotonic means it is anti-
monotonic in all except perhaps one sub-k-STAR. To
understand why this is the case first note that the de-
nominator of each ci,l is the same as that of ci,l+1 for
all i ∈ {1, .., k − l}. Therefore, ci,l ≥ ci,l+1 since
σi,l ≥ σi,l+1. However is is not always true that
ci,l ≥ ci−1,l+1, since the denominators are no longer
the same. Secondly, if we increment l we ‘loose’ one
sub-k-STAR, as illustrated in Figure 3(a) - namely,
ck−l+1,l+1 does not exist. That is, there is one less
sub-k-STAR of length l + 1 than there is of length l.

6All probabilities mentioned are estimated relative to the total
number of objects, N . eg: P (OA(ζi)) = |OA(ζi)| /N .

We say ck−l+1,l is ‘lost’ if we increment l. Now if
ck−l+1,l < ci,l∀i ∈ {1, .., k − l} then it is possi-
ble (the Lemma tells us when) that min-l-confidence
increases when we increment l, as we loose the min-
imum term, so to speak.

To mine k-STARs, we leverage these anti-
monotonic and weak-anti-monotonic properties. We
grow the k-STARs from shorter k-STARs by joining
them together, exploiting the lemmas in the remain-
der of this section.

Refer to Figure 2 for the definitions of lσ(Υ),
lc(Υ) and lσmax(Υ). Since min-l-support is anti-
monotonic in l (Lemma 1), lσ(Υ) will always have
the form {1, 2, 3, ...lσmax(Υ)}. lc(Υ) on the other
hand may have gaps as it is only weakly anti-
monotonic (Lemma 2).

In the following lemmas, Let Υα = 〈ζ1, ..., ζm〉
and Υβ = 〈ζm+1, ..., ζm+n〉 be non-overlapping and
TIC(ζm) ≤ TIA(ζm+1) so that Υ = Υα ∪ Υβ =
〈ζ1, ..., ζm, ζm+1, ..., ζm+n〉 is a valid k-STAR.

Lemma 3. Joining k-STARs for min-l-support:
lσmax(Υ) ≤ luσmax(Υα,Υβ) where luσmax(Υα,Υβ)
is given in Figure 3(b).

Since min-l-confidence is only weakly anti-
monotonic in l, it is more complicated.

Lemma 4. Joining k-STARs for min-l-confidence:
lc(Υ) ⊆ luc (Υα,Υβ) where luc (Υα,Υβ) is given in
Figure 3(b).

The above lemmas reduce the search spaces for
lσmax(Υ) and lc(Υ). In the case of Lemma 3,
luσmax(Υα,Υβ) is an upper-bound on lσmax(Υ)
while in Lemma 4, luc (Υα,Υβ) is a superset of lc(Υ).
The following lemmas give us a quick way to per-
form the search in the remaining spaces lσmax(Υ) ≤
luσmax(Υα,Υβ) and lc(Υ) ⊆ luc (Υα,Υβ) to find
the desired lσmax(Υ) and lc(Υ). Clearly, if
luσ(Υα,Υβ) = 1 then lσmax(Υ) = 1 and if
luc (Υα,Υβ) = {1} then lc(Υ) = {1}. To
test whether Υ = Υα ∪ Υβ is min-l-frequent
(min-l-confident) when l > 1 and for all l ≤
luσmax(Υα,Υβ) (l ∈ luc (Υα,Υβ)) we need to eval-
uate σ(δl,j)min

l (c(δl,j)min
l ) for all j and l where δl,j

is the jth sub-k-STAR of Υ of length l that overlaps
both Υα and Υβ . For example, if Υα = 〈ζ1, ζ2, ζ3〉
and Υβ = 〈ζ4, ζ5, ζ6〉 then δ3,1 = 〈ζ2, ζ3, ζ4〉 and
δ3,2 = 〈ζ3, ζ4, ζ5〉 are the δ3,j we need to check.

Lemma 5. Υ is min-l-frequent (l > 1) if
minj

(
σ(Υα)min

l , σ(δl,j)min
l , σ(Υβ)min

l

) ≥
minSup.



(a) All 10 sub-k-STARs of Υ =
〈ζ1, ζ2, ζ3, ζ4〉. σi,l and ci,l are de-
fined in Figure 2.

(b) Equations for Lemmas 3 and 4

Figure 3. Example and Equations.

Lemma 6. Υ is min-l-confident (l > 1)
if minj

(
c(Υα)min

l , c(δl,j)min
l , c(Υβ)min

l

) ≥
minConf and l ∈ luc (Υα,Υβ).

In both Lemmas, if any x(ΥY )min
l (x ∈

{σ, c}, Y ∈ {α, β}) don’t exist (this happens when
l > |ΥY |), they are removed from the calculation.
Since l ≤ |Υα| + |Υβ |, this will happen.

Note that the δ are all that we need to calculate, as
we know the σ(Υα)min

l , σ(Υβ)min
l , c(Υα)min

l and
c(Υβ)min

l we need for Lemmas 5 and 6 already. This
is because we know the lσ(Υα), lσ(Υβ), lc(Υα),
lc(Υβ) and their respective min-l-confidences and
min-l-supports since we have already mined Υα and
Υβ (recall we mine k-STARs by joining smaller k-
STARs together). Similarly, we have also generated
all the new sub-k-STARs of Υ that are now possible.
Specifically, all the δs that are confident or frequent
are valid k-STARs. So it should be clear that this pro-
cedure not only creates Υ = Υα ∪ Υβ , but also all
new sub-k-STARs of Υ. Specifically, we join all suf-
fixes of Υα to all prefixes of Υβ . Other sub-k-STARs
of Υα and Υβ already exist as Υα and Υβ exist.

In our k-STARMiner algorithm, we join new ζ to
existing k-STARs as they are mined by STARMiner
[7]. That is, |Υβ | = 1. We use a number of novel
datastructures to find potential Υα to join onto, and
to perform the join efficiently. Details may be found
in [6].

Finally, we define the k-STAR lattice as linking
all k-STARs Υ and Υ′ if and only if Υ′ � Υ and
either |Υ′| ∈ lσ(Υ) or |Υ′| ∈ lc(Υ) (or both). Each
node in this lattice is a k-STAR and holds the min-
l-confidence and min-l-support value. Using this lat-
tice we can drill down or up through the sequences
for exploratory data mining.

4 Conclusion

We described sequences of Spatio-Temporal As-
sociation Rules (k-STARs) that greatly enhance the

interpretability and power of STAR mining. k-
STARs can capture interesting ‘replenishable’ pat-
terns such as ‘roads’ and space and time gaps. A lat-
tice defined over the sub-k-STARs enables us to drill
down or drill up to explore the results. The introduc-
tion of the min-l-support and min-l-confidence mea-
sures allow us to do these things and we presented
properties required for mining k-STARs efficiently.
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