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Abstract Definition 1 (STAR). ¢ = (ro,T1,) = (7o, T1.)

Objects appearing in region, during time interval

A Spatio-Temporal Association Rule (STAR) de- T, will appear in regionr. during time interval
scribes how objects move between regions over time.T'I.., whereT'I, < T, .

Since they describe onlysinglemovement between We were interested in those rules with high sup-
two regions, it is very difficult to see larger patterns port and confidence - that is, where enough objects
in the dataset by considering only the set of STARSs. It satisfied the ruleuppor), and where the probabil-

is especially difficult on complex datasets where the ity that the rule holds was high enougtoffidence
underlying patterns overlap. At best we will missim- \We considered datasets where many uniquely iden-
portant patterns - being unable to “see the forest for tifiable objects move throughout different sized re-
the trees”, and at worst this can lead to false inter- gions, such a mobile phone users through the cells of
pretations. We introduce the k-STAR pattern which 3 mobile phone network. The dataset was composed
describes the sequences of STARs that objects obeyf a sequence of snapshots of the objects’ locations at
Since a k-STAR captureequencesf object move-  successive timestamps. The time intervaswere
ments it solves these problems. We also allow spacesets of these timestamps for flexibility. Our algo-
and time gaps between successive STARs, as well agthm, which we calSTARMinerscanned the dataset

supporting ‘replenishable’ k-STARs so we are able once and efficiently mined all STARs with sufficient
to capture the rich set of patterns that exist in real support and confidence.

world data. We define a lattice on the k-STARs that STARSs tell us the individual movements that ob-

allows the user tadrill down and drill up in order  jects make. But this does not tell us anything about
to explore the patterns in detail, or view them at their movements beyond the time interval pair =
a higher level. We introduce two important mea- [T1,,TI.. Consider Figure 1(a) which shovs
sures; min-l-supportand min-l-confidencethat al- ~ STARs and an indication of the time intervals for
low us to achieve the above. This paper gives a which they apply. Each STAR tells us that the move-
rigorous theoretical treatment of k-STARs, proving ment it describes is interesting, but apart from the
various anti-monotonic and weakly anti-monotonic time intervals we have no clue where objects go next.
properties that can be eXp|0ited to mine k-STARS efﬁ- We can have many STARSs entering and |eaving the
Ciently. We describe an algorithm, k'STARMiner, that same region at roughly the same timE, SO we cannot
uses these results to mine the lattice of k-STARs tell which path to follow - such as in,. This is es-
pecially confusing when many paths intersect. Fur-
thermore, if there is a significant time delay between
1 Introduction when a particular group of objects enter and leave
the region, we may in fact be mislead by the time in-
tervals. For example, there is no reason why objects
cannot move fromr; to 7, spread out into other re-
gions (‘go their separate ways’), then converge back
into r; before moving ta-; together, rather than im-
mediately moving tors which would be a first as-

1This research was partially funded by the Australian Resear  SUMPption. Note that_ if they merely stayedrip we
Council (ARC) Discovery Grant, Project ID: DP055900 would have rules telling us thig{ — 7).

A Spatio-Temporal Association Rule (STAR) tells
us how objects move through space over time. In
previous work [13] we defined STARs as describing
how objects move between regions over time:




I3 ry 56 movements that objects make over time. But in ad-
I's dition to the simple sequences considered above, we
potil N f:) also allow quite general patterns that we think are
pal 5 important for studying object mobility datasets:
15_ 4 First, we allow space and time gaps between in-
dividual STARs. Figure 1(c) shows three STARs
rg Iy that are considered interesting, { (> and ¢3) and
(a) 9 STARSs, labeled with a number indicating whether it ap- ~ some paths that objects follow, but with insufficient
plies before, after, or at the same time as other STARs. support and confidence to be of interest. Specifi-
cally, objects move along;, then some follow the
A B":';- ...... . {7 top path while others follow the bottom path, before
4 ‘;j_.-,,__’._ they merge again to follow, and(s. The sequence
AN 7 A2 (¢1, ¢2, ¢3) accurately describes this pattern, but if we
C 4 Iv.. -» did not allow space or time gaps we would miss it.
k-4~ The sequencé(y, (2, (3) is also different to mining

(€1, ¢2) and (s separately, which would tell us that
(b) One possible underlying sequence of movements in (a). k- not enough (or indeed any) objects travel the entire
STARSs allow us to mine these sequences, removing the ambi- nce

guity. The self-loop tells us that objects remain stationary seque : L .

Secondly, we allow limited ‘replenishment’ of
patterns. This is useful because it allows us to mine
Fo . pa_ltterns that are supported by many objects, but they
: T, might not all travel down the entire length of the
& sequence. Consider Figure 1(d) which shows two

&.... -|!: & groups of objects4 and B). Enough objects travel
z, the paths to ensure that each(f..., (4 are inter-
. o esting, but none travel the entire sequence. The se-
(c) Space and time gaps are allowed{$p, (2, ¢3) is mined. quences/(;, C2> and <<27 (s, C4> are therefore inter-
\A t L esting. But what abouf = ({1, (s, (3, (4)? since all
A consecutive and overlappirgubsequences of of

length2 are interesting (C1, ¢2), (C2,¢3), (C3,€4))

~ 7

g v we say (for now) that Y is “interesting at levep”.

_ G| §:\ S We do this because there are many situations where
_‘ — —— such a pattern is useful, such as roads and highways.
'B | A Not all objects travel their entire length, so we would
(d) k-STAR ‘replenishment’ allows us to crea§ , ¢z, {3, C4) not get a k-STAR that represents them if we do not
for mining patterns such as roads. allow this ‘replenishment'. Instead, we would sim-
Figure 1. Motivating examples. ply get many small sequences. This means we would

never know that there was a highway. Secondly, the
So it should be clear that in a situation such as de- pattern gives a high level view of the objects mo-
picted in Figure 1(a), it is very difficult to draw any tion, and the levels (there may be more than one) at
conclusions about the overall object trajectories and which the sequence is interesting tells us a lot about
paths - that is, theequencef movements they make the behaviour of the objects. If we want more de-
- because we canndtill up. Figure 1(b) shows one tail we can alwayglrill down the lattice defined by
possible sequence that could have produced Figurethese k-STARs to explore them in more detail. For
1(a). It shows three groups of objedtd, B, C'} and example, a section of highway may be particularly
the paths they take. Unlike the Figure 1(a) there is no interesting. The overlap of consecutive sequences
ambiguity. It also tells us much more useful infor- ensures we find only ‘real’ sequences, not just an ar-
mation that can be used to predict object movementsbitrary concatenation of sequences. Finally, note that

much more accurately. Finally, we can alwairl STARs may have, = r. which allows us to express
downto subsequences for closer examination. sequences that include the scenario when the objects
In this paper we present the theory lo5TARs 2We rigorously define our interestingness measures in Section

sequences of STARs that describe Heguencesf 3.



remain still. There is an example of this in Figure
1(a) and 1(b). Note that this is different to the time
gap scenario, which tells us that objects dt re-

Prior to [13], the work by Tao et al. [11] was the
only research found that addressed the problem of
STARs (albeit briefly) in the Spatial-Temporal do-

main stationary, but did not generate any intereting main. As an application of their work they show

movements either.

The above leads to two measures of ‘interesting-

ness’ that apply to k-STARS$nin-I-supportandmin-
I-confidence.
Our contributions are as follows:

1. We define k-STARs - sequences of Spatio-
Temporal Association Rules - a new type of
pattern for mining object mobility databases.
These are flexible enough to mine a wide variety
of sequences that are interesting in real world
applications. They allow us to capture station-

a brute force algorithm for mining specific spatio-
temporal association rules. They considered associa-
tion rules of the form(r;, 7, p) = r;, with the inter-
pretation “if an object is in region; at some time,
then with probabilityp it will appear in region-; by
timet + 7.

Other interesting work that deals with spatio-
temporal patterns in the spatio-temporal domain (but
are not association type patterns) include [12, 14, 6,
8, 4]. Mamoulis et al. [8] mingeriodic patterns in
objects moving between regions. Wang et al. [14]

ary patterns, space and time gaps and rep|enish_intr0duce what they caflow patternsthat d_escribe
able sequences that enable us to mine high levelthe changes of events over space and time. They

patterns that would otherwise be hidden. We de-
scribe alattice on all k-STARs that allows us
to drill up anddrill down for exploratory data
mining. This greatly improves the ability to in-
terpret the many patterns that are found.

We introduce two novel measures for evaluating
the interestingness of k-STARsnin-I-support
and min-l-confidence. We prove various anti-
monotonic and weakly anti-monotonic proper-
ties of min-I-supportandmin-I-confidence We
rigorously develop the theory necessary to mine
k-STARs from STARs by exploiting these prop-
erties. We describe an algorithm that that mines
all k-STARs using these results.

Section 2 reviews related literature. Section 3 de-

fines k-STARs, their measures and properties of the
In Section 4 we provide and prove the

measures.
lemmas required for efficient mining of k-STARs

and describe our algorithm. We also show the data
structures we use, and describe the k-STAR lattice.

Throughout, we give many examples to help the

reader understand the theory. We conclude in Sec-

tion 5.

2 Related Work

consider events occurring in regions, and how these
events are connected with changes in neighbouring
regions as time progresses. Ishikawa et al. [6] de-
scribe a technique for mining object mobility pat-
terns in the form of Markov transition probabilities
from an indexed spatio temporal dataset of moving
points. In this case, the transition probability of

an (order 1) Markov chain i®(r;|r;) wherer; and

r; are regions, which is the confidence of a spatio-
temporal association rule, although this is not men-
tioned by the authors. Tsoukatos et al. [12] mine
frequent sequences nbnspatio-temporal values for
regions.

The work we have listed above is quite differ-
ent from our previous work on STARs [13]. Fur-
thermore, except for [4], none of these consider se-
guences, which is the core of this work. Tempo-
ral sequence mining has received significant interest
since [2] and many algorithms have been proposed.
But this type of transaction database sequence min-
ing is really quite different to the sorts of sequences
we consider here. We cannot map k-STARSs into
these sequence mining algorithms as objects travel-
ing through regions does not translate to transactions
and items. Cao et al. [4] make a similar observa-
tion for their work. Our work treats the problem
of mining sequences of object movements in spatio-

There has been work on spatial association rulestemporal data and we deal with many aspects that are

(examples include [10, 5]) and temporal association
rules (examples include [3, 7]) but little work has ad-

dressed both spatial and temporal dimensions. Much

specific and unique to such data, such as the ‘replen-
ishment’ concept and space and time gaps.
Cao et al. [4] is the most relevant work. They con-

of the work that does can be categorised as traditionalsider the mining of frequent spatio-temporal sequen-
association rule mining [1] or sequential association tial patterns, where the patterns are sequences of line

rule mining[2]appliedto a spatio-temporal problem,
such as in [9].

segments that approximate an object's movements
over time. Since they consider stings(af y, t) co-



ordinates, they cannot mine patterns where thereis aT' I () = TI;11, Ra(¢) = m andRc(¢) = ro.
space or time gap simply because their pattern can-For convenience defin€l; < 71, if i < j. That
not express this type of behaviour - it assumes theis, T'I; occurs beforel'l; and they do not overlap.
line segments don’t have a break. Since we mine se-If TI = [t,t], that is, it consists of a single times-

quences oSTARs which apply to two regions and

tamp, we abbreviate it 881 = ¢. DefineO(r,T1)

two time intervals, the elements of our sequence areas set of objects making an appearance in region
able to express more complicated patterns. Their pat-during TI. To keep things compact we also de-

terns are also fundamentally different to ours. We
consider a set of region while [4] use the object co-

ordinates. We mine patterns supported by many ob-

jects, while [4] mine recurring patterns of tkame

fine OA(¢) = O(Ra((), T14(¢)) and Oc(¢)
O (Rc(¢), T1c(C)). Let O(C) be the set of objects
that follow the rule¢ - that is, the objects that were
in Ra(¢) duringT14(¢) and then inR(¢) during

object. Hence the research problems adressed ard'I-(¢). This means tha®(¢) = O4(¢) N O ().

quite different. The ability to mine space and time

Define thesupportof a STAR( asc(¢) = |0(Q)]

gaps, as well as replenishable patterns distinguishesand the support of a region during time interval

our work. Cao et al. also do not consider the con-

TI aso(r,TI) = |O(r,TI)|. Define theconfi-

fidence of the sequences. Confidence is the condi-denceof ¢ asc(() = o(¢)/o(Ra(C), TI14(C)) =

tional probability that an object will satisfy the rule,
given that it is in a location where the rule applies. It
is therefore very important in using the rules to pre-
dict what objects will do. The challenge however is
that confidenceas not anti-monotonic or monotonic,

a(€)/|04(¢)| - that is, the fraction of objects that
followed the rule, given that they were in the an-
tecedent of the rule. This can be interpreted as the
conditional probability that the rule holdsP(o €
Oc(¢)lo € 04(¢)). The beginning of Example 3 re-

so searches for highly confident rules cannot prune lates to STARs. [13] contains a detailed example of

the search space. We show that min-I-confidence

measure is weakly anti-monotonic, so we can over-

come this problem. We note that instead of STARS,

we could use the line segments produced by [4]. In TI -
this case we could mine data without using regions when R (¢;)

and be able to produce different rules than in [4].
To the best of our knowledge, thein-I-confidence
andmin-l-supportmeasures that form the core of this

STARs.

Definition 2. A k-STAR is asequenceof STARS
(€1,Cay ey Cie) ¢ K 1,2,... such that
c(G) < T14(¢41) with equality only allowed
Ra(Cit1). We sayY’ is a
sub-k-STAR of T, written Y/ C 7T if Y’
<Ci;<i+17~~~7<j> 1 <1 <5< k. That is, asub-
sequence with no gaps

work are also unique. These measures are tailored to

mining the types of spatio-temporal patterns we con- Example 1. The sequence ((r1,T];)

sider and their properties allow us to build a lattice

=

(T27TIQ),(T2,T[2) = (7‘4,T13),(7’5,TI5) =

that can be used to view the k-STARs at various lev- (76, 7s)) is valid. Note that there is a time (and

els of abstraction - drilling up or down to explore the
k-STARSs.

3 k-STARs

While STARs capture how objects move between
regions during eacl'I’, k-STARs capture thee-
quenceof £ moves that objects make. Hence STARs
are a special case of k-STARs with= 1.

Before developing the theory, we need sonae
tation and definitions. Let T'I4(¢) be a function
returning the time interval in the antecedent of the
STAR ¢. Similarly, let TI(¢) return the time in-
terval in the consequent of the rule and ®f(()
be the time interval paif’l’ = [T14(¢),TI4(¢)]-
Let R4(¢) (Rc(C)) return the region in the an-
tecedent (consequent). For example, in the (uie
(’I”l,TIi) = (T’Q,T[L‘_;,_l) we haVETIA(C) =TI,

space) gap between the occurrence of the second
and the third STAR in the sequence and the first
two rules share a time interval. The sequence
<(7‘1,T11) = (T‘Q,TIQ),(TQ,TIl) = (T’4,T12)>

is not a valid sequence because both rules apply
to the same pair of time intervals{(ry,7T1;) =
(ro,TIs), (r5,TI2) = (r4,TIs)) is not valid be-
causeTIc(¢1) = TIa(C) but Ro(¢1) # Ra(Ga).
<(7‘1,le) = (Tl,TIQ),(Tz,Tlg) = (T4,TI4)>

is valid. The first rule tells us that objects remain
stationary.

Figure 2(a) gives an example sfib-k-STARS

We allow gaps in time and space between succes-
sive rules so that we don’t miss interesting rules if
some objects stray from the path briefly. Note that
objects moving slowly pose no problems, we would
just get sequences containing STARs with the same
region in both the antecedent and consequent.
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Figure 2. Examples

Example 2. To avoid complicating this example, as-

STARs can be. We call this threshotdax Delay.
We will also make use of a user definsl@ighbour-
hood functionN (r, t) which returns a set of regions
that the user considers ‘neighboutsinits of time in
the future, excluding. We then restrict the k-STARs
by imposing the additional conditioR®4(¢;11) €
N(RC(Cl)v dist(TIc'(Ci), TIA(Q_;,_1))), where dist
is an appropriate measure of the time between two
T1Is. The neighbourhood function amdax Delay
parameters allow the user to express what k-STARs
they consider interesting. These can of course be al-
tered dynamically.
Note that wecannotjust consider the k-STAR as
a sequence of regions and time pairs. This is because
the latter cannot express the space or time gaps. The
k-STAR expresses more information than just where
and at what time objects appear - it also tells us about
how the objects moved between the regions. That is,
whether a movement is significant or not. If simple
region sequences are desired, they are easy to extract
from k-STARSs using a simple (surjective) function.
We are interested in k-STARs that have support
and confidence above a threshold. If the support is

sume for the moment that the support of a k-STAR @bove a threshold we shall sometimes call the STAR

is the number of objects that suppatt the ¢; and
we are looking for k-STARs with support abdie
Consider the data in Figure 2(b). The following se-
quence is frequent{(ry,t) = (ro,t + 1), (ro,t +

3) = (rs,t +4)). This rule says that objects move
from regionr to ro during [t, ¢ + 1], then there are
no significant movements until they all move from
ro to r3. This is true: during[t + 1,t + 3] we
have two objects that remain i, and another two
make a brief excursion te;. If we did not allow
for the caseT'Ic(¢;) < TIa((i+1) we would miss
the overall movement; — r, — r3. Note that
if one of {¢,d} did not make the excursion to;,
the following rule would be frequent{(ry,t) =
(ro,t +1),(ro,t +1) = (ro,t + 2),(ro,t +2) =
(ro,t +3), (re,t +3) = (r3,t + 4)). Note the dif-

or k-STARfrequent.We also say that an object ‘fol-
lows’ or supports a rule if and only if it contributes
to the support count of a rule. We will often use the
notationY, = (¢1, (o, ..., (), but the subscript of’
does not always have to be the length of the k-STAR.
The length ofY is |Y|.
3.1 Support of k-STARs

We say an object-supportsa k-STAR T =
(C1,Cay -y Gy If it follows a sub-k-STAR of length
[. The set of objects that do this ©(Y), =
UM (N7E710(¢5)). Hence we define thé
supportof Y aso(Y); = |O(Y);], 1 <1 < k.This
means we count objects that ‘entered’ the sequence
along the way as long as they supplantles in a row,

ference between this scenario and the one describedand have not been counted before. However, we are
above, and the correspondingly different sequencesonly interested in those k-STARs for whielachsub-

they generate.

An example of objects moving slowly{is f, g},
which support the 3-STARrs,t + 1) = (r3,t +
2),(T3,t —+ 2) = (T’Q,t + 3),(7’2,t + 3) = ’I"Q,t +
4)). The reader may notice thatis not always in the

k-STAR of lengthl is frequent. If we did not require
this (that is, if we usé-supportas our measure), then
there exist cases where a rule has high support but
a sub rule of lengtli that has zero support. This is
clearly undesirable. We are therefore interested only

dataset. Appearing or disappearing objects pose no in rules whereeachsub-k-STAR of lengthl is fre-

problem.

We will however impose a user defined upper

guent. It doesn’t matter if sequences longer than
are not frequent. Accordingly, we will find it conve-
nient to definer;; = |N{Z,"'O(¢;)], the support of

limit on how long the time gap between successive the sub-k-STAR(;;, ..., ;1) of lengthl.



Definition 3. The min-I-support
T =< <17C27"'7<k' > s U(T);nzn =
mingeqy, . k—141} Oity 1 < U< k.

If we letl = k, theno(Ty) = o(Ty)P" =
o1k = |NE_,0(¢)|, which is the number of objects
that supportll of the(;. In this case we can drop the
min superscript. Fok = 1 these definitions reduce

to U(Cl)-

Example 3. Consider again Figure 2(b). Lel; =
(7’1,t) = (Tg,t+ 1),<2 = (’I"Q,t+3) = (T‘g,t—l—4)
and(s = (rs,t+4) = (r3,t+5). Clearly,o((;) =
|{a7b7 Cvd}| =4, U(CQ) = |{b707 d,67h}| = 5 and
a(¢s3) = |{c,d,e}| = 3. Consider the k-STAR; =
<C1,C2,C3>. We haV&J'LQ = |{b, C, d}‘ =3, 022 =
{e,d,e}| = 3ando1 3 = [{c,d}| = 2. Hence
o(T3)7"" =3, 0(T3)5"" = 3ando(T3)7" = 2

Varying [ gives us great flexibility. With < &

we can find ‘roads’ or similar patterns where objects (0 € ﬁ?:1

travel along the road for a while, then turn off. This
means we don’t limit our attention to only those ob-

This means that ifY;, =< (,....,¢x > is [3-
frequent, then it ig-frequent for alli < I;. Fur-
thermore, any sub-k-STAR' =< (;,...,(; >: 1 <
1 < j < kis alsoat leastmin-I,-frequent.

3.2 Confidence of k-STARs

The confidence of association rules can be inter-
preted as the probability that objects support the rule
given that they have thepportunityto support the
rule. Indeed, this applies for traditional association
rules and for STARs. For the traditional rule— B
[1] the confidence is defined &(B|A) and only
transactions supporting itemsegt can support the
rule. For STARs, only objects appearing ity (¢)
duringZ'I4(¢) can support. Using this observation,
the confidenceof the k-STARY, = ((1, (2, -y Ck)
is the probability that an objeet follows all £ con-
secutive STARSs given that it is i@ 4({1). That is:
O(¢j) lo € Oa(¢1)). But similarly to
support, we are also interested in those k-STARs for
whicheach sub-k-STAR of lengtlis confident when

jects that support the first rule. In a sense the rule can! < k.

be replenished by more object$.determines how

long the objects must travel along the ‘road’ before T, —

they contribute to the k-STAR. If= 1 we effectively

don't care which objects support the rule, as long as

some do . On the other hand,li= k, then we are

only interested in rules where enough objects ‘travel k—

the entire length of the rule’. In this case, if extra

objects join the ‘road’ in regions other th&h (¢;),

they will not count toward support of the sequence.
We have a number of consequences. Tegt=

<<17C27"'7<k> andi’—i—l = <<1»<27"'7Ck7<k+1> or
YTi+1 = (Ckt1,C,C2y ..., k). That is, we add the
extra( to either the front or the back &fy.

Fact 1. o(Yy)"" > o(Tg41)™™. Thatis, min-I-
support is anti-monotonic iR.

Proof. It's a consequence of thain function. [

Lemma 1. o(T)™" > o(Ty);% . Thatis, min-I-
support is anti-monotonic ih

Proof. o(Yy),= mlnze{l K—1+1} |ﬁ P 710(<j)|2
min {mln{|ﬂ7+10(<j)| rie{l,. k=1}},
{InF_0(¢)[}} = minges, gy [NEO(G)] =
o(Yg)i+1 by the anti-monotonic property of set
intersection. O

In summary we have (Ty);7"" > o(Yy)/1" >
U(Tk+1)?ﬂl-

Definition 4. The min-l-confidence of
<Cl7g27' 7<k> is C(Tk)}nln =
ety P (NET0(¢) 104(G))-

That is, it is the minimum confidence of all the
[+ 1 sub-k-STARef lengthi. This means that if
we are given a k-STAR with,,,;,,(Tx); = «, we can
say that any object appearing in any of the regions
at times specified by the antecedents of the rules will
follow the rule for at least steps with probability
at leasto. This is very useful (and indeed required)
for making use of such rules. The special casek
reduces to the probability that the objects traverse the
k-STAR given that they appeared in the first region
and time interval referenced in the rule.

All the probabilities we mention regarding objects
are measured relative to the total number of objects,
N. For example? (04(¢)) = |oA<<z>| /N. We
will find it useful to letc;; = ‘O ( , the con-
fidence the sub-k-STARC;, ..., (ivi— 1> of length!.

We therefore have the following result, which fol-
lows directly from the definitions:

Fact 2. ¢(Ty)min =

We have a number of consequences. Tgt =

<<17 CQa sy Ck> and Tk+1 = <<17 CQ; sy Cka Ck+1> or
Tit1 = (Cer1,C15 G2y -, Cr) @S before,

Fact 3. ¢(Y)" > (Y1), That is, min-I-
confidence is anti-monotonic in

minge(y, .

minge(y, . g—i41} Cil-



Proof. This is a trivial consequence of the anti-

monotonic properties of thein function. O
Fact 4. Ci,l > Cil+1

o, Ji,l —
PIoof. cii = 510,ey) = Stoatey — G+t by the
anti-monotonicity of support. O

Lemma2. If p € {1,....;k—1+1} thene(Ty)1 " <

o1, Vi €40,k —1+1—p}.

Proof. This is true whenj = 0 by def-
inition  of ¢(Ty)". Consider j > 0.
e(Tr)iyy = M1, k—(145)+1} Ci,ltj
< MilGe (1, . k—(I45)+1} Cil+ji—1 <
minie{l’”wki(l+j+1)+1} Cil < Cp,l since
Ciltj S Ciggj—1. S Ciyg (Fact 4). O

Proof. We havec(Y,)"" = mineq1, . p_i41} CiJ

min {minje(1, g1y G, Choig1a} =

min {mine 1, g—1y Cii+1 5 Ch—i41,4) USING Fact
4. Now, if3i € {1, e kb — l} D Cil+1 < Ck—1+1,0 W€
clearly havemin {min;c 1, k-3 Ciit1, Ch—i41

= minie{lqu,l} Cil+1. = C(Tk)zr}rﬁn On the
other hand, ifc; ;411 > cp—i+1,Vi € {1,....k — 1}
thenc(Yy)/}" = minjeq, . g1y Cia1 > Ch—141,
> minjeqr,. g—141} G = c(Tg);™". Since we
have showny = 8 anda = (§ we haven < f3,

wherea = 3i € {1,...,k =1} : Cilt1 < Ch—141,

andg = c(T)mn > o(T)m, 1 < k. O

The termweakly anti-monotonimeans it is anti-
monotonic in all except perhapsesub-k-STAR.

Example 5. ConsiderYT = ((i,...,{4) of Figure

Note that this works because the denominator of 2(a) again. The following are possible; ; = 0.3,

eachc;; is the same as that of ;1 for all ; €
{1,..,k — l}. Note also that ip = k — [ + 1 then
Lemma 2 says only(Yx)™"™ < c,_s41,, Which is
obvious. This is because if we increddsy one in the
¢i,1, the denominator of;,_;11; is lost in the sense
that it does not appear in any of the resulting, ;.
That is, by incrementingwe will have one less term
inc(Tx)™" as there is one lessib-k-STARf length
[+ 1 than there is of length(The reader may like to
refer to Figure 2(a) to see this). However, the lost
term (effectivelyci_;4+1,1+1, which we ‘loose’ be-

cause it doesn't exist) might be the smallest, and it
might be so only because its denominator is large. In

this case it is possible thafY);""™ < c(Tx)/¥4

Example 4. Let T = ((1,...,{4) as in Figure 2(a)
and supposer(¢;) = 0,1 = 1Vi € {1,2,3,4},
04(C)] = 1, [04(C2)] = 2, [04(¢s)| = 3 and
|OA(C4)| = 4. Thencm = 1,18271 = 1/2, C3.1
1/3andcy; = 1/4 soe(T)7"™ = 1/4. If we in-
creasel to 2, we might haver; » = 1Vi € {1,2,3}
(since support is anti-monotonic this is the maxi-
mum we may have). Thefis = 1, oo = 1/2,
cs2 = 1/3 and ¢(Y)5" = 1/3 which is greater
thanc(Y)pr,

Note that Lemma 2 doesot imply that
o(Tr)"™ > ¢(Ty)[t7 for anyj > 0. Thatis, the
casec,; > c(Te)['7 > o(Te)""j € {0,....k —
I+ 1—p}is possible.

Lemma 3. ¢(Tx);™™ > o(Ty)¥}, | < kif and
only if3di {1, ek — l} DG+l < Clk—1+41,1- That
is, ¢(Tr)™™ < o(Ty)7i if and only if ¢; 141 >

Ch—i+1,Vi € {1,....k —1}. We say that min-I-

confidence is weakly anti-monotoniclin

C21 = 02, c31 = 04, C41 = 01, Cl2 = 03,
C22 = 0.2, C32 = 0.4, 13 = 0.3, C2.3
0.05, c14 = 0.3. We then have(Y)["" = 0.1,
(1) = 0.2, ¢(T)5" = 0.05, c(T)™ = 0.3.
Note how this isweakly anti-monotonic. As an-
other example, suppose; = 0.1, € {1,2,3,4},
coy =021€{1,2,3},c3, =031 € {1,2}, ca1 =

0.4 which is completely anti-monotonic. The case
crg = 04,1 € {1,2,3,4}, co; = 0.31 € {1,2,3},
c3; = 0.21 € {1,2}, ¢41 = 0.1 is completely mono-
tonic.

The following lemma is a sufficient (but not nec-
essary) condition for which we can apply Lemma 3.
It is useful because it means we do not need to con-
sider thec; ;4. Instead we use the;; which we
will already know? if we mine the rules by joining
smaller ones together as outlined in Section 4. This
saves considerable calculations. This lemma can be
skipped on a first reading.

Lemma 4. Let z‘;’jl"" =i : ¢y < ¢V €
{p,....,k =1+ 1}} wherep € {1,....k — I} (clearly
it CoApy ok = L 1Y) i {E -1+ 1} #
i thene(Yy)™™ > ()], More generally,
c(Tr)™™ > e(Tr)i?, Vi € i7f". This gives
the condition under which min-l-confidence is com-
pletely anti-monotonic it.

Proof. It suffices to show thafk — I + 1} # i7/"
implies 3 € {1,....k — 1} : Ciit1 < Cp—i41,
and use Lemma 3. Ifk — 1 + 1} # /" then
we have eithek — [ + 1 € i/ A i7" > 1 or
k—1+1 ¢ imm Alimin] > 1 sincedi™ # 0.

3They are produced in the calculationafy';, )",



In the first caseg;; = cx_i+1.Vi € i;’”” and in
the second case,; < cp—i4+1,Vi € im™". Hence

p,l
Ci,l < Cg—i41, Vi€ Zm;n.

< Since in both cases

ii™ contains values other thdn— I + 1, it con-
tains at least one value ifil, ..,k — [}. That is,

di e {1,...k—1} : ¢y < ck—i+1,- Using Fact
4 this impliesdi € {1,...,k -1} : Cilr1 < Ck—1+41,1
as required.

The second statement trivially holds whéh— i +
1} = i7", Consider any’ € i'/", i’ # k —i+ 1.
We conS|der two cases;(“fk)"”" > ¢irg41 and
c(T)M™" < ¢y 41. In the first case the result fol-
lows immediately from Lemma 2. In the second case
there must exist an’ such that” < 4’ for which
c(T)™" > ¢ 141, and again the result follows
from Lemma 2. If the required’ did not exist, then
c(Tr)M" < ¢;pq1 < Vi € {1,...,7'}. But this
means thereis&;; < ¢y, i € {i' +1,...,k} such
thate(T)7""™ = ¢;u, S04’ can't be ini7'{™ by the
definition of i7" and we have a contradiction. [J

Specifically, if indexcpmin = min{in,} then
e(Tp)mm > o(Ty) _HVZ = {indexcmin, -, k —
1}. The above lemma is very useful wheneyér—
I+ 1} # imin. However, if{k — Il + 1} = i,n,, then
we have no option other than to evaluate the,

(and use Lemma 3). The reader may like to apply the

above Lemma to Example 5.
4 Mining k-STARS

In the simplest form, we wish to find all ‘interest-
ing’ k-STARs. We allow the user to specify what
they mean by ‘interesting’ using a number of pa-
rameters. The user can select the minimkrde-
sired (ninK) and the minimum value of (minlL)
for which all k-STARs must be min-lconfident and
min-I-frequent. TheminL threshold will only be
used oncek > minL. The user can also spec-
ify the maximum difference betweeh and( that
they desire fpaxz D). The user must also specify
minSup, minConf and maxDelay and aneigh-
bourhood functionN (r,t) as defined in Section 3.
Of course the user is free to ignore many of these pa-
rameters by settingrax D = oo, minK = minL =
1, mazDelay = oo and N(-) = the set of all re-
gions. However, we suggestinl > 1 is required
for interesting rules - otherwise objects don’t need to
travel along the sequence at all.

Our goal therefore is to find all k-STARs with
min-I-supportaboveminSup and min-lI-confidence

above minConf for any ! > minL with k >
minK, k — lnee < maxD and satisfying
mazDelay and N (-). These k-STARs will be out-
put, together with their support and confidence val-
ues for the relevaris (that is, elements @f, (1) and
I.(T) as defined below). Note that we dotrequire
that a k-STAR must be bothin-I-confidenandmin-
I-frequentfor all thel we output. A k-STAR might be
confident for a highetthan it is frequent for, or vice
versa. We don’t want to exclude these patterns. For
example, supposE is frequentforall = 1, ..., k but
only confident forl = minL. We still want to report

to the user that it is frequent for the > minL be-
cause itis interesting. On the other hand if it was not
confident for anyi > minL thenY would not out-
put it as it does not satisfyrin L for anyl. Note that
maxD = 0 is useful for only getting rules that are
maximallyfrequent and confident (are min-I-frequent
and min-I-confident with = k).

We leverage the anti-monotonic and weak-anti-
monotonic properties outlined earlier. We grow the
k-STARs from shorter k-STARs by joining them to-
gether, exploiting the lemmas in this section.

Let [,(T) be the set ofl for which Y is fre-
quent. That is,l,(T) {1 a(V)pm >
minSup}. Similarly, letl.(Y) = {l : ¢(T)"" >
minConf}. Finally, letl,ma.(Y) = max(l,(T))
and lemaz(T) = max(l.(Y)) be the maximum
values of these sets. Sineein-l-supportis anti-
monotonic inl (Lemma 1),/,(T) will always have
the form{1,2,3, ...loma(T)}. 1(T) on the other
hand may have gaps as it is only weakly anti-
monotonic (Lemma 3). In the first example of Exam-
ple 5 for instance, iminConf = 0.2 thenl.(T) =
{2,4}. Thatis,1 and3 are not present so the rule
is not min-l-confidentfor [ € {1,3} but it is for
1€ {2,4}.

In the following lemmas, Lefl, = ({1, ..., ()
andY s = ((m+1, ---, Cmtn) De non-overlapping and
TIC(C(xm) < TIA(Cﬂerl) so thatY = T, U Tﬁ =
(C1y ooy Cony Gt 1y ooy Gmn ) IS @ valid k-STAR.

Lemma 5. Joining k-STARs for min-I-support:

lomaz(T) < 1¥%02(Ta,Tg) (hencel,(Y) C
{1,2, .., 1% s }) Wherel? . (To,Tg) is given in
Flgure 3(e)

Proof. This follows from Fact 1, Lemma 1 and the
fact that thel, .. (-) is the maximum element of
l+(+). Thatis, any subsequend® of lengthi of T,
or Tz is also a subsequence ¥f so if o (1)) <
minSup theno (1) < minSup for j = 1 by
Fact 1 and for allj > [ by Lemma 1. On the other



hand ifl;,4.(To) = m then no subsequence with
o(T))m" < minSup exists and so it is possible that
lomaz(Y) > lomaz(Yo). The same goes for s.
Putting these together in the four combinations gives
us the result. O

Since min-l-confidenceis only weakly anti-
monotonic inl, it is more complicated.

Lemma 6. Joining k-STARs for min-I-confidence:
I.(T) C I¥(Y,, Ys) wherel*(Y,,YTpg) is given in
Figure 3(f).

Proof. It follows from Facts 3 and 4 and the fact
that [.(-) contains the maximuni for which a k-
STAR is min-l-confident. That is, any subsequence
T} of lengthl of T, or T4 is also a subsequence
of T, so if (1)) < minConf thenc(T)7"" <
minConf for j = | by Fact 3 but it might not be
true forj > [ sincemin-I-confidencés weakly anti-
monotonic in/. However, if any subsequendg ; of
Y, hasc(Y; ;)™ < minCon f thenc(Tiyj)?”'” <
minConf for all 5 > [ by Fact 4 and hence
(1) < minConf for all j > 1. On the other
hand, iflcma:(To) = m then it is possible that
lemaz (L) > lemaz (Y o). Nothing like this holds for
Tg. Thatis, unlike Lemma 5, we don’t have symme-
try in T, andY 3. Putting these together in the five
combinations gives us the result. O

Figures 3(a) and 3(b) illustrate each of the cases
in Lemmas 5 and 6 respectively.

The above lemmas reduce the search spaces fo
lomaz(Y) and I.(Y). In the case of Lemma 5,
1 ae(Ya, Tg) is an upper-bound ori,,..(T)
while in Lemma6/¥(Y,, Y3) is asuperset df.(Y).
The following lemmas give us a quick way to per-
form the search in the remaining spaégs... (1) <

I as(Ya, Tg) and i (Y) C [¥(Y,,Ys) to find
the desiredl,;q.(Y) and I.(T). Clearly, if
I4(Ye,Tg) = 1 thenlsme(Y) = 1 and if
14(Ya,Yg) = {1} theni.(Y) = {1}. To

test whetherY T, U Tg is min-l-frequent
(min-l-confident) whenl > 1 and for alll <
10w (Yo, Tg) (I € 1¥(Ty, Ts)) we need to eval-
uate (0, ;)™ (c(0;,;)m) for all j and! where
01 ; is thejth k-STAR of length! thatoverlapsboth
Y, andYg. For example, ex1 in Figure 3(c) lists

the maximum number of possibdg ; when joining
Ta - <<17 <27 C3> andTﬁ = <<47 C5a C6>

Lemma 7. T is min-l-frequent { >
min; (o(Yo)™", o(6;)"", o(Ta)"")
minSup.

1) i
>

[

Proof. This follows from the fact that(Y)"

O

min (oY), a(81,5)"", o (Tp)i™™").

Lemma 8. T _is min-l-confident { > 1)
if min; (C(Ta)lmm (0, 5)m™, C(Tg)lmm) >
minConf andl € I¥(Y,, Tg).

Proof. This follows from the fact that(Y)" =
min; (C(Ta);’”" ,c(5l7j)?”",c(T5)}m”). O

In both Lemmas, if any:(Ty )™ don't exist
(this happens wheh > |Ty]), they are removed
from the calculation. Noté < |T,| + | Y| so this
will happen.

Lemma 7 (Lemma 8) says that to determine the
I-(T) (1.(7)) and their corresponding support (con-
fidence) values, we need to evaluate all dhes cor-
responding tol € {1,2,..,0%,..(Ta, To)} (I €
I%(Y,,Yg)) for support (confidence). It should be
clear that Lemma 5 (Lemma 6) has already reduced
this search space. Note that when checkingithier
le{1,2,..,0% ..(Ta,Yp)} (L € 14(Yq, Tp)) wWe
can use the anti-monotonic property of min-I-support
(min-l-confidence) irk. This is becausé= |d; ;| in
these computations anl; T 0y ;Vi,j, [’ : 1 <
I <UAL<i<l'—I+j. Thatis, wherr (8, ;)" <
minSup (c(5;;)™" < minConf) we stop search-
ing {1,2,...,0%,..(Ta,Y)} (¥(Yq, Yg)) for any
" where3j : 6;; C oy ;.

Figures 3(c) and 3(d) demonstrate these Lemmas
by showing theds we need to check. It should be

clear thatd; ; makes no sense as it cannot overlap

bothY, andYgs.

Note that the) are all that we need to calculate, as
we know thes (T,,)", o(T5)"", ¢(Y,)™ and
(Y 5)m™ we need for Lemmas 7 and 8 already. This
is because we know thg (T,), I-(Y5), I.(Ta).
1.(T3) and their respectivenin-l-confidencesand
min-I-supportssince we have already minég, and
T3, by our problem definition. Similarly, we have
also generatedll the new sub-k-STARs off that
are now possible. Specifically, all this that are con-
fident or frequent are valid k-STARs. So it should
be clear that this procedure not only creales=
T,UYg, butalso all new sub-k-STARs &f. Specif-
ically, we join allsuffixesof T, to all prefixesof Y'g.
Other sub-k-STARs off, and Yz already exist as
T, andY g exist.

4.1 Algorithm: k-STARMiner

We saw at the end of the previous section how to
join two arbitrary k-STARs. When miningll rules
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(@) Joining Yo (€1,¢2,¢3) and Yg
(¢4, ¢s5, Ce) for min-l-support. Four examples illus- T/

(b) Joining’ra = (¢1,¢2,¢3), T3 = ({4, 5, C6),
= ((5,¢6)s T7a = (C1,¢2) andY” g = ({3, (4,5, Ce) for min-I-

17, = (€1,62,3,C4),

trate the four cases in Lemma 5. confldence Five examples illustrate the five cases in Lemma 6.
[ex. o, | [ox. [ a1y |
1 021 = (3, C), 031 = (GGG, d32 = 1 | 02,1, 03,1, 032, 04,1,04,2, 04,3 J5,1, 052, 0,1 @S
(¢5.¢1.G5), a1 = ((1,82,G3.Ca), a2 = in (c).
((2.€3:C4,C5)s 013 = ((3.Ca:G5.C6)s 051 = 2 |21 = (C1.Gs), 031 = (C3.CasCs)y 032
(€1.€2.G3,€1,G5)s 52 = (C2,C3,C4,C5,Co), (€4.G5:C6)s Oan = (C2,€3,Ca,Cs), Ou2

d6,1 = (C1,62.G35 €4, G5, Co)

(€5.€4.C5.Cs), and 85,1, 052 and dg1 as in (

(1;
)

021 = (C2,¢3) and d5.1, 052 and dg 1 as in (c).

031, 032 as in ex2 above.

2 | a1 = (G35 Ca) 3
3 | 021 = (G, &) 4
4 5 | d31, 032 as in (c).

(c) Thed;, ; of Lemma 7 for Figure 3(a).

(d) Thed, ; of Lemma 8 for Figure 3(b).

lrrmn]r(’ru) + lﬂmnr(’r‘l’f) lam(u (T ) =m and lﬂmal (T f) =n (1)
w N\ lamtut(’ra) ]rrmu x (Tu) < mand ]mnn @ (Yq) =n (2)
[Um’”(T(“Td) - ln'm(u:(’rﬁ) If [(nruu(T(y) m andlarmu(ri) <n (d)
min (lpmae(Ta) lomar(Ta))  lomaz(Ta) <mandloma:(Tp) <n  (4)

(e) Equation for Lemma 5
1.(To)N (l (Tp)U{n+1,..mpuU{m+1,..m+n} lemaz(Ta)=m>n (1)
1(Ta)NI(Te)U{m+1,..,m+n} lemaz(Ta)=m=n (2)
1Yo, Ys) =< 1(Ts)N ( (YTo)U{m+1,.,n}HU {n +1on+mb if Ademan(Ta)=m<n (3)
1(Ta) N (1) U{n + 1, .ccym}) lemar(Ta) <m>n  (4)
1(To) N 1(Ts) lemaz(To) <m <n (5)

() Equation for Lemma 6

Figure 3. Examples of Lemmas 5, 6, 7 and 8. Equations for Lemma s 5 and 6.

we join all sub-k-STARs before joining the k-STARs
together by traversing thiaverse tree of suffixes of
k-STARsipward. We only joirsinge( at a time (that
is, |'Y 3| = 1). The min-I-support (min-l-confidence)
tree, which is a subset of the lattice we define later, is
defined as follows: I = ((1, ..., {»). ThenY’ has
alink to Y in the inverse suffix tree if and only if (1)

= (¢, Gy l<ji<nand@n-j+1c¢€
Io(T) (n—j+1 € l.(Y)). The first condition says
that Y’ is a suffix of T and the second says tHAtis
min-I-frequent (min-I-confident) whehis the length
of Y’. Figures 4(b) and 4(c) show examples of these
trees alongpnecross-section.

The simplest way of growing the k-STARs is to

add one STAR to the end at a time. Thatrns= 1

in Lemmas 5 and 6 and we will use only cases
{(1),(2)} and {(1),(2),(4)} respectively. Also,
there will only be onej; ; so we drop thg, and the

&; will correspond precisely to the suffixes in the tree.
Figure 4(a) shows the flow of STARs over time in
what we call a FlowGraph. It is a circular array of
width w 4+ 1 wherew is set so that it corresponds to

maxDelay. Each cellr, j references all the suffix

trees where = Rc((,) andT'I; = T1c(G,). This

can be seen in Figures 4(b) and 4(c) also.

The algorithm is relatively simple. We call
STARMiner [13] which efficiently produces dlite-
quent STARs, Sry/, for the current time interval
pair TI' = [T1I.urr—1,TIcu] as well asO(¢) :
¢ € Srp. Thatis, all¢ with o({) > minSup.
They may or may not be confident because min-I-
support is anti-monotonic, while min-l-confidence is
only weakly anti-monotonic. For each € Sty
we checkR 4 (¢) and its neighbours both &tl4(¢)
and back in time through the FlowGraph window.
That is, we check each cdillowGraphlr][j] where
r € N(Ra((€),j), j € {1,2,...,w}. For each tree
we find, we traverse up the tree and ja@rnto the
k-STARs using the results from Section 4. We tra-
verse both the confidence and support trees at the
same time and keep only those k-STARs that satisfy
both the min-I-support and min-I-confidence criteria
as defined in Section 4. This creates new inverse suf-
fix trees, which we add to the FlowGraph. We then
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(a) FlowGraph indexes the inverse suffib) min-l-supportinverse suffix treegor

trees for each region and time interval pais, (s, Cs, 11, (15, (18-

in the window. w is set according to regard for min-I-confidence.
grouped by their lengthk.

maxDelay.

Figure 4. Examples involving
quent. (g is frequent only. (5 is confident only.

progress to the next time interval pair, which means
the window (widthw + 1) moves to the right. While
doing this, we can easily build @mplete latticeof

(c) min-I-confidencenverse suffix treefor
Built without (3, (s,(s, 11, C15, 18- Built without re-
k-STARs gard for min-I-support.

{¢3, G, ¢85 i1, Ci5, s} {€3,¢s, €11, C15} are confident and fre-

support suffix tree for (thatis, rooted &t),. The pro-
cedure for min-I-confidence is similar but in reality,
we traverse both trees together and cross prune. For

the results as defined in Section 4.2, or simply output example,Y;; does not satisfy the min-l-confidence

the k-STARs for later analysis.

Example 6. Figure 4(a) shows the situation
when T'I' [TTewrr—1,TIeyrr], SO STp/
{C16,C17, C15}- However in this example we will con-
sider the previou§'I” = [TI.yrr—1, TIewrr) Where
St = {C4, 15} SupposenaxDelay and N(-)

is set so thatl is the only cell found with k-STARSs to
join to, so we only need to consider the trees starting
at (1. In Figure 4(b), we first try to joir{;; and(ys,

so we need to cheds = ({11, (15), and we find that

o (62)5™ > minSup. HenceY 4 is a new and inter-

criteria (according to Figure 4(c)) so we would not
to build Y'1; for min-I-support.

We have shown the support and confidence suffix
trees independently to avoid complicating matters.
Since our goal is to mine k-STARSs that are both min-
I-confident and min-I-frequent, we only keep those
k-STARs for which this holds. In the example, this
is the intersection of the k-STARs in the two trees:
(3,65 Cs5 €115 €15, L1, Y3, T4, T, g, T1o. Thatis,
we would never have mined the others. As an aside,
we implicitly use Lemma 4 by using the suffix tree

esting k-STAR - so we add it to the newly created tree traversal technique.

for ¢15. Sinceo(82)5" > minSup, we try to join
T3 and ;5. Note that we are traversing up the in-
verse suffix tree rooted gt;. We now need to check
53 = <<10,<11,€15> but we find thatﬂ(ég)gnin <
minSup. Hence the maximuifor any otherY we
create by joining’5 to existing k-STARs will be min-
I-frequent with at most = 2. Sinceo(d2)5"" >
minSup we know thaf('s is frequent and, (Ts) =
{1,2}, but it is not maximally frequent. We eval-
uate o(Ys)5"" = min{o(Y3)5"", o(d2)""} by
Lemma 3(c), using the already knowr{Y 3)5*".
Similarly, we knowY';; will be interesting atl =
2 since Yo is, and we evaluater(Y;;)5"" =

min{o(Y10)5"", 0 (d2)""}. We have completed the

We have ignorednaz D, minK and minL for
clarity. They are easy to implement - but note that
we can only apply them to prune k-STARs with
lemae < k andlgme: < k sinceshort but maxi-
mally frequent and confident k-STARs can be grown
into longer ones satisfying the constraints. Note also
that our algorithm is single pass, and so it suited to
stream mining just as STARMiner [13] is.

We do not present experiments for two reasons:
(1) lack of real world data. If we had access to such
data we could attempt to mine interesting patterns
and report such patterns. (2) We could present run-
time results, but we feel that the theory is much more
important, especially as there is no other algorithm



we can compare k-STARMiner. We could compare
it to a brute force technique, but we think this is of
little value.

4.2 k-STAR Lattice

The suffix trees we have defined so far are for ef-
ficient mining, and are a subset of the k-STAR lat-
tice. We define thdattice as linking all K-STARSY
andY’ if and only if Y/ = Y and|Y’| € [,(Y)
or |[Y| € 1.(Y). Each node in this lattice is a
k-STAR and holds the min-I-confidence and min-I-
support value. Using this lattice we can drill down or
up through the sequences. Therefore we can explore
the resulting k-STARs at high level of abstraction,
anddrill down to relevant sub-k-STARs to find the
reasons why a particular k-STAR is interesting. Con-
versely, we cardrill up to see how the rules com-
bine together to give the higher level sequences that
describe the patterns more coarsely, as well as high-
lighting long sequences of movements that might be
important. Being able to do these things is very use-
ful in making sense of large datasets, and is a key
reason behind using k-STARs.

5 Conclusion

We have described useful sequences of Spatio-
Temporal Association Rules (k-STARS) that greatly
enhance the ability to understand the results of STAR
mining. They aggregate individual STARs into se-
guences that capture interesting patterns such as
‘roads’ and space and time gaps. Furthermore, a
lattice defined over the sub-k-STARs enables us to
drill down or drill up to explore the results. The in-
troduction of thamin-I-supportandmin-I-confidence
measures allow us to do these things. We showed
that these measures have anti-monotonic and weakly

anti-monotonic properties. We rigorously developed [13]

the theory required to mine all k-STARs efficiently
by exploiting these properties and described an algo-
rithm to do this.
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