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Abstract

A Spatio-Temporal Association Rule (STAR) de-
scribes how objects move between regions over time.
Since they describe only asinglemovement between
two regions, it is very difficult to see larger patterns
in the dataset by considering only the set of STARs. It
is especially difficult on complex datasets where the
underlying patterns overlap. At best we will miss im-
portant patterns - being unable to “see the forest for
the trees”, and at worst this can lead to false inter-
pretations. We introduce the k-STAR pattern which
describes the sequences of STARs that objects obey.
Since a k-STAR capturessequencesof object move-
ments it solves these problems. We also allow space
and time gaps between successive STARs, as well as
supporting ‘replenishable’ k-STARs so we are able
to capture the rich set of patterns that exist in real
world data. We define a lattice on the k-STARs that
allows the user todrill down and drill up in order
to explore the patterns in detail, or view them at
a higher level. We introduce two important mea-
sures; min-l-supportand min-l-confidencethat al-
low us to achieve the above. This paper gives a
rigorous theoretical treatment of k-STARs, proving
various anti-monotonic and weakly anti-monotonic
properties that can be exploited to mine k-STARs effi-
ciently. We describe an algorithm, k-STARMiner, that
uses these results to mine the lattice of k-STARs1.

1 Introduction

A Spatio-Temporal Association Rule (STAR) tells
us how objects move through space over time. In
previous work [13] we defined STARs as describing
how objects move between regions over time:

1This research was partially funded by the Australian Research
Council (ARC) Discovery Grant, Project ID: DP055900

Definition 1 (STAR). ζ = (ra, T Ia) ⇒ (rc, T Ic)
Objects appearing in regionra during time interval
TIa will appear in regionrc during time interval
TIc, whereTIa < TIc .

We were interested in those rules with high sup-
port and confidence - that is, where enough objects
satisfied the rule (support), and where the probabil-
ity that the rule holds was high enough (confidence).
We considered datasets where many uniquely iden-
tifiable objects move throughout different sized re-
gions, such a mobile phone users through the cells of
a mobile phone network. The dataset was composed
of a sequence of snapshots of the objects’ locations at
successive timestamps. The time intervalsTI were
sets of these timestamps for flexibility. Our algo-
rithm, which we callSTARMiner, scanned the dataset
once and efficiently mined all STARs with sufficient
support and confidence.

STARs tell us the individual movements that ob-
jects make. But this does not tell us anything about
their movements beyond the time interval pairTI ′ =
[TIa, T Ic]. Consider Figure 1(a) which shows9
STARs and an indication of the time intervals for
which they apply. Each STAR tells us that the move-
ment it describes is interesting, but apart from the
time intervals we have no clue where objects go next.
We can have many STARs entering and leaving the
same region at roughly the same time, so we cannot
tell which path to follow - such as inr4. This is es-
pecially confusing when many paths intersect. Fur-
thermore, if there is a significant time delay between
when a particular group of objects enter and leave
the region, we may in fact be mislead by the time in-
tervals. For example, there is no reason why objects
cannot move fromr1 to r7, spread out into other re-
gions (‘go their separate ways’), then converge back
into r7 before moving tor2 together, rather than im-
mediately moving tor3 which would be a first as-
sumption. Note that if they merely stayed inr7 we
would have rules telling us this (r7 → r7).



(a) 9 STARs, labeled with a number indicating whether it ap-
plies before, after, or at the same time as other STARs.

(b) One possible underlying sequence of movements in (a). k-
STARs allow us to mine these sequences, removing the ambi-
guity. The self-loop tells us that objects remain stationary.

(c) Space and time gaps are allowed, so〈ζ1, ζ2, ζ3〉 is mined.

(d) k-STAR ‘replenishment’ allows us to create〈ζ1, ζ2, ζ3, ζ4〉
for mining patterns such as roads.

Figure 1. Motivating examples.

So it should be clear that in a situation such as de-
picted in Figure 1(a), it is very difficult to draw any
conclusions about the overall object trajectories and
paths - that is, thesequenceof movements they make
- because we cannotdrill up. Figure 1(b) shows one
possible sequence that could have produced Figure
1(a). It shows three groups of objects{A,B,C} and
the paths they take. Unlike the Figure 1(a) there is no
ambiguity. It also tells us much more useful infor-
mation that can be used to predict object movements
much more accurately. Finally, we can alwaysdrill
downto subsequences for closer examination.

In this paper we present the theory ofk-STARs-
sequences of STARs that describe thesequencesof

movements that objects make over time. But in ad-
dition to the simple sequences considered above, we
also allow quite general patterns that we think are
important for studying object mobility datasets:

First, we allow space and time gaps between in-
dividual STARs. Figure 1(c) shows three STARs
that are considered interesting (ζ1, ζ2 and ζ3) and
some paths that objects follow, but with insufficient
support and confidence to be of interest. Specifi-
cally, objects move alongζ1, then some follow the
top path while others follow the bottom path, before
they merge again to followζ2 andζ3. The sequence
〈ζ1, ζ2, ζ3〉 accurately describes this pattern, but if we
did not allow space or time gaps we would miss it.
The sequence〈ζ1, ζ2, ζ3〉 is also different to mining
〈ζ1, ζ2〉 and ζ3 separately, which would tell us that
not enough (or indeed any) objects travel the entire
sequence.

Secondly, we allow limited ‘replenishment’ of
patterns. This is useful because it allows us to mine
patterns that are supported by many objects, but they
might not all travel down the entire length of the
sequence. Consider Figure 1(d) which shows two
groups of objects (A andB). Enough objects travel
the paths to ensure that each ofζ1, ..., ζ4 are inter-
esting, but none travel the entire sequence. The se-
quences〈ζ1, ζ2〉 and 〈ζ2, ζ3, ζ4〉 are therefore inter-
esting. But what aboutΥ = 〈ζ1, ζ2, ζ3, ζ4〉? since all
consecutive and overlappingsubsequences ofΥ of
length2 are interesting (〈ζ1, ζ2〉, 〈ζ2, ζ3〉, 〈ζ3, ζ4〉)
we say (for now2) thatΥ is “interesting at level2”.
We do this because there are many situations where
such a pattern is useful, such as roads and highways.
Not all objects travel their entire length, so we would
not get a k-STAR that represents them if we do not
allow this ‘replenishment’. Instead, we would sim-
ply get many small sequences. This means we would
never know that there was a highway. Secondly, the
pattern gives a high level view of the objects mo-
tion, and the levels (there may be more than one) at
which the sequence is interesting tells us a lot about
the behaviour of the objects. If we want more de-
tail we can alwaysdrill down the lattice defined by
these k-STARs to explore them in more detail. For
example, a section of highway may be particularly
interesting. The overlap of consecutive sequences
ensures we find only ‘real’ sequences, not just an ar-
bitrary concatenation of sequences. Finally, note that
STARs may havera = rc which allows us to express
sequences that include the scenario when the objects

2We rigorously define our interestingness measures in Section
3.



remain still. There is an example of this in Figure
1(a) and 1(b). Note that this is different to the time
gap scenario, which tells us that objects didnot re-
main stationary, but did not generate any intereting
movements either.

The above leads to two measures of ‘interesting-
ness’ that apply to k-STARS:min-l-supportandmin-
l-confidence.

Ourcontributions are as follows:

1. We define k-STARs - sequences of Spatio-
Temporal Association Rules - a new type of
pattern for mining object mobility databases.
These are flexible enough to mine a wide variety
of sequences that are interesting in real world
applications. They allow us to capture station-
ary patterns, space and time gaps and replenish-
able sequences that enable us to mine high level
patterns that would otherwise be hidden. We de-
scribe alattice on all k-STARs that allows us
to drill up anddrill down for exploratory data
mining. This greatly improves the ability to in-
terpret the many patterns that are found.

2. We introduce two novel measures for evaluating
the interestingness of k-STARs:min-l-support
and min-l-confidence.We prove various anti-
monotonic and weakly anti-monotonic proper-
ties ofmin-l-supportandmin-l-confidence. We
rigorously develop the theory necessary to mine
k-STARs from STARs by exploiting these prop-
erties. We describe an algorithm that that mines
all k-STARs using these results.

Section 2 reviews related literature. Section 3 de-
fines k-STARs, their measures and properties of the
measures. In Section 4 we provide and prove the
lemmas required for efficient mining of k-STARs
and describe our algorithm. We also show the data
structures we use, and describe the k-STAR lattice.
Throughout, we give many examples to help the
reader understand the theory. We conclude in Sec-
tion 5.

2 Related Work

There has been work on spatial association rules
(examples include [10, 5]) and temporal association
rules (examples include [3, 7]) but little work has ad-
dressed both spatial and temporal dimensions. Much
of the work that does can be categorised as traditional
association rule mining [1] or sequential association
rule mining[2]appliedto a spatio-temporal problem,
such as in [9].

Prior to [13], the work by Tao et al. [11] was the
only research found that addressed the problem of
STARs (albeit briefly) in the Spatial-Temporal do-
main. As an application of their work they show
a brute force algorithm for mining specific spatio-
temporal association rules. They considered associa-
tion rules of the form(ri, τ, p) ⇒ rj , with the inter-
pretation “if an object is in regionri at some timet,
then with probabilityp it will appear in regionrj by
time t + τ ”.

Other interesting work that deals with spatio-
temporal patterns in the spatio-temporal domain (but
are not association type patterns) include [12, 14, 6,
8, 4]. Mamoulis et al. [8] mineperiodicpatterns in
objects moving between regions. Wang et al. [14]
introduce what they callflow patternsthat describe
the changes of events over space and time. They
consider events occurring in regions, and how these
events are connected with changes in neighbouring
regions as time progresses. Ishikawa et al. [6] de-
scribe a technique for mining object mobility pat-
terns in the form of Markov transition probabilities
from an indexed spatio temporal dataset of moving
points. In this case, the transition probabilitypij of
an (order 1) Markov chain isP (rj |ri) whereri and
rj are regions, which is the confidence of a spatio-
temporal association rule, although this is not men-
tioned by the authors. Tsoukatos et al. [12] mine
frequent sequences ofnonspatio-temporal values for
regions.

The work we have listed above is quite differ-
ent from our previous work on STARs [13]. Fur-
thermore, except for [4], none of these consider se-
quences, which is the core of this work. Tempo-
ral sequence mining has received significant interest
since [2] and many algorithms have been proposed.
But this type of transaction database sequence min-
ing is really quite different to the sorts of sequences
we consider here. We cannot map k-STARs into
these sequence mining algorithms as objects travel-
ing through regions does not translate to transactions
and items. Cao et al. [4] make a similar observa-
tion for their work. Our work treats the problem
of mining sequences of object movements in spatio-
temporal data and we deal with many aspects that are
specific and unique to such data, such as the ‘replen-
ishment’ concept and space and time gaps.

Cao et al. [4] is the most relevant work. They con-
sider the mining of frequent spatio-temporal sequen-
tial patterns, where the patterns are sequences of line
segments that approximate an object’s movements
over time. Since they consider stings of(x, y, t) co-



ordinates, they cannot mine patterns where there is a
space or time gap simply because their pattern can-
not express this type of behaviour - it assumes the
line segments don’t have a break. Since we mine se-
quences ofSTARs, which apply to two regions and
two time intervals, the elements of our sequence are
able to express more complicated patterns. Their pat-
terns are also fundamentally different to ours. We
consider a set of region while [4] use the object co-
ordinates. We mine patterns supported by many ob-
jects, while [4] mine recurring patterns of thesame
object. Hence the research problems adressed are
quite different. The ability to mine space and time
gaps, as well as replenishable patterns distinguishes
our work. Cao et al. also do not consider the con-
fidence of the sequences. Confidence is the condi-
tional probability that an object will satisfy the rule,
given that it is in a location where the rule applies. It
is therefore very important in using the rules to pre-
dict what objects will do. The challenge however is
that confidenceis not anti-monotonic or monotonic,
so searches for highly confident rules cannot prune
the search space. We show that ourmin-l-confidence
measure is weakly anti-monotonic, so we can over-
come this problem. We note that instead of STARs,
we could use the line segments produced by [4]. In
this case we could mine data without using regions
and be able to produce different rules than in [4].
To the best of our knowledge, themin-l-confidence
andmin-l-supportmeasures that form the core of this
work are also unique. These measures are tailored to
mining the types of spatio-temporal patterns we con-
sider and their properties allow us to build a lattice
that can be used to view the k-STARs at various lev-
els of abstraction - drilling up or down to explore the
k-STARs.

3 k-STARs

While STARs capture how objects move between
regions during eachTI ′, k-STARs capture these-
quenceof k moves that objects make. Hence STARs
are a special case of k-STARs withk = 1.

Before developing the theory, we need someno-
tation and definitions. Let TIA(ζ) be a function
returning the time interval in the antecedent of the
STAR ζ. Similarly, let TIC(ζ) return the time in-
terval in the consequent of the rule and letTI(ζ)
be the time interval pairTI ′ = [TIA(ζ), T IA(ζ)].
Let RA(ζ) (RC(ζ)) return the region in the an-
tecedent (consequent). For example, in the ruleζ =
(r1, T Ii) ⇒ (r2, T Ii+1) we haveTIA(ζ) = TIi,

TIC(ζ) = TIi+1, RA(ζ) = r1 andRC(ζ) = r2.
For convenience defineTIi < TIj if i < j. That
is, TIi occurs beforeTIj and they do not overlap.
If TI = [t, t], that is, it consists of a single times-
tamp, we abbreviate it asTI = t. DefineO(r, T I)
as set of objects making an appearance in regionr
during TI. To keep things compact we also de-
fine OA(ζ) = O (RA(ζ), T IA(ζ)) and OC(ζ) =
O (RC(ζ), T IC(ζ)). Let O(ζ) be the set of objects
that follow the ruleζ - that is, the objects that were
in RA(ζ) during TIA(ζ) and then inRC(ζ) during
TIC(ζ). This means thatO(ζ) = OA(ζ) ∩ OC(ζ).
Define thesupportof a STARζ asσ(ζ) = |O(ζ)|
and the support of a regionr during time interval
TI as σ(r, T I) = |O(r, T I)|. Define theconfi-
denceof ζ as c(ζ) = σ(ζ)/σ(RA(ζ), T IA(ζ)) =
σ(ζ)/|OA(ζ)| - that is, the fraction of objects that
followed the rule, given that they were in the an-
tecedent of the rule. This can be interpreted as the
conditional probability that the rule holds:P (o ∈
OC(ζ)|o ∈ OA(ζ)). The beginning of Example 3 re-
lates to STARs. [13] contains a detailed example of
STARs.

Definition 2. A k-STAR is asequenceof STARs
Υ = 〈ζ1, ζ2, ..., ζk〉 : k = 1, 2, ... such that
TIC(ζi) ≤ TIA(ζi+1) with equality only allowed
when RC(ζi) = RA(ζi+1). We sayΥ′ is a
sub-k-STAR of Υ, written Υ′

⊏ Υ if Υ′ =
〈ζi, ζi+1, ..., ζj〉 : 1 ≤ i ≤ j ≤ k. That is, asub-
sequence with no gaps.

Example 1. The sequence 〈(r1, T I1) ⇒
(r2, T I2), (r2, T I2) ⇒ (r4, T I3), (r5, T I5) ⇒
(r6, T I6)〉 is valid. Note that there is a time (and
space) gap between the occurrence of the second
and the third STAR in the sequence and the first
two rules share a time interval. The sequence
〈(r1, T I1) ⇒ (r2, T I2), (r2, T I1) ⇒ (r4, T I2)〉
is not a valid sequence because both rules apply
to the same pair of time intervals.〈(r1, T I1) ⇒
(r2, T I2), (r3, T I2) ⇒ (r4, T I2)〉 is not valid be-
causeTIC(ζ1) = TIA(ζ2) but RC(ζ1) 6= RA(ζ2).
〈(r1, T I1) ⇒ (r1, T I2), (r2, T I3) ⇒ (r4, T I4)〉
is valid. The first rule tells us that objects remain
stationary.

Figure 2(a) gives an example ofsub-k-STARs.
We allow gaps in time and space between succes-

sive rules so that we don’t miss interesting rules if
some objects stray from the path briefly. Note that
objects moving slowly pose no problems, we would
just get sequences containing STARs with the same
region in both the antecedent and consequent.



(a) All 10 sub-k-STARsof Υ = 〈ζ1, ζ2, ζ3, ζ4〉. σi,l andci,l are
defined in Sections 3.1 and 3.2.

(b) Example database for objects{a, b, c, d, e, f, g, h}.

Figure 2. Examples

Example 2. To avoid complicating this example, as-
sume for the moment that the support of a k-STAR
is the number of objects that supportall the ζi and
we are looking for k-STARs with support above3.
Consider the data in Figure 2(b). The following se-
quence is frequent:〈(r1, t) ⇒ (r2, t + 1), (r2, t +
3) ⇒ (r3, t + 4)〉. This rule says that objects move
from regionr1 to r2 during [t, t + 1], then there are
no significant movements until they all move from
r2 to r3. This is true: during[t + 1, t + 3] we
have two objects that remain inr2, and another two
make a brief excursion tor1. If we did not allow
for the caseTIC(ζi) < TIA(ζi+1) we would miss
the overall movementr1 → r2 → r3. Note that
if one of {c, d} did not make the excursion tor1,
the following rule would be frequent:〈(r1, t) ⇒
(r2, t + 1), (r2, t + 1) ⇒ (r2, t + 2), (r2, t + 2) ⇒
(r2, t + 3), (r2, t + 3) ⇒ (r3, t + 4)〉. Note the dif-
ference between this scenario and the one described
above, and the correspondingly different sequences
they generate.

An example of objects moving slowly is{e, f, g},
which support the 3-STAR〈(r3, t + 1) ⇒ (r3, t +
2), (r3, t + 2) ⇒ (r2, t + 3), (r2, t + 3) ⇒ r2, t +
4)〉. The reader may notice thatg is not always in the
dataset. Appearing or disappearing objects pose no
problem.

We will however impose a user defined upper
limit on how long the time gap between successive

STARs can be. We call this thresholdmaxDelay.
We will also make use of a user definedNeighbour-
hood functionN(r, t) which returns a set of regions
that the user considers ‘neighbours’t units of time in
the future, excludingr. We then restrict the k-STARs
by imposing the additional conditionRA(ζi+1) ∈
N(RC(ζi), dist(TIC(ζi), T IA(ζi+1))), wheredist
is an appropriate measure of the time between two
TIs. The neighbourhood function andmaxDelay
parameters allow the user to express what k-STARs
they consider interesting. These can of course be al-
tered dynamically.

Note that wecannotjust consider the k-STAR as
a sequence of regions and time pairs. This is because
the latter cannot express the space or time gaps. The
k-STAR expresses more information than just where
and at what time objects appear - it also tells us about
how the objects moved between the regions. That is,
whether a movement is significant or not. If simple
region sequences are desired, they are easy to extract
from k-STARs using a simple (surjective) function.

We are interested in k-STARs that have support
and confidence above a threshold. If the support is
above a threshold we shall sometimes call the STAR
or k-STAR frequent.We also say that an object ‘fol-
lows’ or supports a rule if and only if it contributes
to the support count of a rule. We will often use the
notationΥk = 〈ζ1, ζ2, ..., ζk〉, but the subscript ofΥ
does not always have to be the length of the k-STAR.
The length ofΥ is |Υ|.

3.1 Support of k-STARs

We say an objectl-supports a k-STAR Υ =
〈ζ1, ζ2, ..., ζk〉 if it follows a sub-k-STAR of length
l. The set of objects that do this isO(Υ)l =
∪k−l+1

i=1

(

∩i+l−1
j=i O(ζj)

)

. Hence we define thel-
supportof Υ asσ(Υ)l = |O(Υ)l| , 1 ≤ l ≤ k.This
means we count objects that ‘entered’ the sequence
along the way as long as they supportl rules in a row,
and have not been counted before. However, we are
only interested in those k-STARs for whicheachsub-
k-STAR of lengthl is frequent. If we did not require
this (that is, if we usel-supportas our measure), then
there exist cases where a rule has high support but
a sub rule of lengthl that has zero support. This is
clearly undesirable. We are therefore interested only
in rules whereeachsub-k-STAR of lengthl is fre-
quent. It doesn’t matter if sequences longer thanl
are not frequent. Accordingly, we will find it conve-
nient to defineσi,l =

∣

∣∩i+l−1
j=i O(ζj)

∣

∣, the support of
the sub-k-STAR〈ζi, ..., ζi+l−1〉 of lengthl.



Definition 3. The min-l-support of
Υ =< ζ1, ζ2, ..., ζk > is σ(Υ)min

l =
mini∈{1,...,k−l+1} σi,l, 1 ≤ l ≤ k.

If we let l = k, thenσ(Υk)k = σ(Υk)min
k =

σ1,k =
∣

∣∩k
i=1O(ζi)

∣

∣, which is the number of objects
that supportall of theζi. In this case we can drop the
min superscript. Fork = 1 these definitions reduce
to σ(ζ1).

Example 3. Consider again Figure 2(b). Letζ1 =
(r1, t) ⇒ (r2, t + 1), ζ2 = (r2, t + 3) ⇒ (r3, t + 4)
andζ3 = (r3, t + 4) ⇒ (r3, t + 5). Clearly,σ(ζ1) =
|{a, b, c, d}| = 4, σ(ζ2) = |{b, c, d, e, h}| = 5 and
σ(ζ3) = |{c, d, e}| = 3. Consider the k-STARΥ3 =
〈ζ1, ζ2, ζ3〉. We haveσ1,2 = |{b, c, d}| = 3, σ2,2 =
|{c, d, e}| = 3 and σ1,3 = |{c, d}| = 2. Hence
σ(Υ3)

min
1 = 3, σ(Υ3)

min
2 = 3 andσ(Υ3)

min
3 = 2

Varying l gives us great flexibility. Withl < k
we can find ‘roads’ or similar patterns where objects
travel along the road for a while, then turn off. This
means we don’t limit our attention to only those ob-
jects that support the first rule. In a sense the rule can
be replenished by more objects.l determines how
long the objects must travel along the ‘road’ before
they contribute to the k-STAR. Ifl = 1 we effectively
don’t care which objects support the rule, as long as
some do . On the other hand, ifl = k, then we are
only interested in rules where enough objects ‘travel
the entire length of the rule’. In this case, if extra
objects join the ‘road’ in regions other thanOA(ζ1),
they will not count toward support of the sequence.

We have a number of consequences. LetΥk =
〈ζ1, ζ2, ..., ζk〉 andΥk+1 = 〈ζ1, ζ2, ..., ζk, ζk+1〉 or
Υk+1 = 〈ζk+1, ζ1, ζ2, ..., ζk〉. That is, we add the
extraζ to either the front or the back ofΥk.

Fact 1. σ(Υk)min
l ≥ σ(Υk+1)

min
l . That is, min-l-

support is anti-monotonic ink.

Proof. It’s a consequence of themin function.

Lemma 1. σ(Υk)min
l ≥ σ(Υk)min

l+1 . That is, min-l-
support is anti-monotonic inl.

Proof. σ(Υk)l= mini∈{1,..,k−l+1}

∣

∣∩i+l−1
j=i O(ζj)

∣

∣≥

min
{

min
{∣

∣∩i+l
j=iO(ζj)

∣

∣ : i ∈ {1, .., k − l}
}

,
{∣

∣∩k
k−lO(ζj)

∣

∣

}}

≥ mini∈{1,..,k−l}

∣

∣∩i+l
j=iO(ζj)

∣

∣ =
σ(Υk)l+1 by the anti-monotonic property of set
intersection.

In summary we haveσ(Υk)min
l ≥ σ(Υk)min

l+1 ≥
σ(Υk+1)

min
l+1 .

This means that ifΥk =< ζ1, ..., ζk > is l1-
frequent, then it isl-frequent for alll ≤ l1. Fur-
thermore, any sub-k-STARΥ′ =< ζi, ..., ζj >: 1 ≤
i ≤ j ≤ k is alsoat leastmin-l1-frequent.

3.2 Confidence of k-STARs

The confidence of association rules can be inter-
preted as the probability that objects support the rule
given that they have theopportunity to support the
rule. Indeed, this applies for traditional association
rules and for STARs. For the traditional ruleA → B
[1] the confidence is defined asP (B|A) and only
transactions supporting itemsetA can support the
rule. For STARs, only objects appearing inRA(ζ)
duringTIA(ζ) can supportζ. Using this observation,
the confidenceof the k-STARΥk = 〈ζ1, ζ2, ..., ζk〉
is the probability that an objecto follows all k con-
secutive STARs given that it is inOA(ζ1). That is:
P

(

o ∈ ∩k
j=1O(ζj) |o ∈ OA(ζ1)

)

. But similarly to
support, we are also interested in those k-STARs for
whicheach sub-k-STAR of lengthl is confident when
l < k.

Definition 4. The min-l-confidence of
Υk = 〈ζ1, ζ2, ..., ζk〉 is c(Υk)min

l =
mini∈{1,...,k−l+1} P

(

∩i+l−1
j=i O(ζj) |OA(ζi)

)

.

That is, it is the minimum confidence of all the
k− l + 1 sub-k-STARsof lengthl. This means that if
we are given a k-STAR withcmin(Υk)l = α, we can
say that any object appearing in any of the regions
at times specified by the antecedents of the rules will
follow the rule for at leastl steps with probability
at leastα. This is very useful (and indeed required)
for making use of such rules. The special casel = k
reduces to the probability that the objects traverse the
k-STAR given that they appeared in the first region
and time interval referenced in the rule.

All the probabilities we mention regarding objects
are measured relative to the total number of objects,
N . For example,P (OA(ζi)) = |OA(ζi)| /N . We
will find it useful to let ci,l =

σi,l

|OA(ζi)|
, the con-

fidence the sub-k-STAR〈ζi, ..., ζi+l−1〉 of length l.
We therefore have the following result, which fol-
lows directly from the definitions:

Fact 2. c(Υk)min
l = mini∈{1,...,k−l+1} ci,l.

We have a number of consequences. LetΥk =
〈ζ1, ζ2, ..., ζk〉 andΥk+1 = 〈ζ1, ζ2, ..., ζk, ζk+1〉 or
Υk+1 = 〈ζk+1, ζ1, ζ2, ..., ζk〉 as before.

Fact 3. c(Υk)min
l ≥ c(Υk+1)

min
l . That is, min-l-

confidence is anti-monotonic ink.



Proof. This is a trivial consequence of the anti-
monotonic properties of themin function.

Fact 4. ci,l ≥ ci,l+1

Proof. ci,l =
σi,l

σ(OA(ζi))
≥

σi,l+1

σ(OA(ζi))
= ci,l+1 by the

anti-monotonicity of support.

Lemma 2. If p ∈ {1, ..., k− l+1} thenc(Υk)min
l+j ≤

cp,l, ∀j ∈ {0, ..., k − l + 1 − p}.

Proof. This is true when j = 0 by def-
inition of c(Υk)min

l . Consider j > 0.
c(Υk)min

l+j = mini∈{1,...,k−(l+j)+1} ci,l+j

≤ mini∈{1,...,k−(l+j)+1} ci,l+j−1 ... ≤
mini∈{1,...,k−(l+j+1)+1} ci,l ≤ cp,l since
ci,l+j ≤ ci,l+j−1... ≤ ci,l (Fact 4).

Note that this works because the denominator of
eachci,l is the same as that ofci,l+1 for all i ∈
{1, .., k − l}. Note also that ifp = k − l + 1 then
Lemma 2 says onlyc(Υk)min

l ≤ ck−l+1,l, which is
obvious. This is because if we increasel by one in the
ci,l, the denominator ofck−l+1,l is lost in the sense
that it does not appear in any of the resultingci,l+1.
That is, by incrementingl we will have one less term
in c(Υk)min

l as there is one lesssub-k-STARof length
l + 1 than there is of lengthl (The reader may like to
refer to Figure 2(a) to see this). However, the lost
term (effectivelyck−l+1,l+1, which we ‘loose’ be-
cause it doesn’t exist) might be the smallest, and it
might be so only because its denominator is large. In
this case it is possible thatc(Υk)min

l < c(Υk)min
l+1 .

Example 4. Let Υ = 〈ζ1, ..., ζ4〉 as in Figure 2(a)
and supposeσ(ζi) = σi,1 = 1∀i ∈ {1, 2, 3, 4},
|OA(ζ1)| = 1, |OA(ζ2)| = 2, |OA(ζ3)| = 3 and
|OA(ζ4)| = 4. Thenc1,1 = 1, c2,1 = 1/2, c3,1 =
1/3 and c4,1 = 1/4 so c(Υ)min

1 = 1/4. If we in-
creasel to 2, we might haveσi,2 = 1∀i ∈ {1, 2, 3}
(since support is anti-monotonic this is the maxi-
mum we may have). Thenc1,2 = 1, c2,2 = 1/2,
c3,2 = 1/3 and c(Υ)min

2 = 1/3 which is greater
thanc(Υ)min

1 .

Note that Lemma 2 doesnot imply that
c(Υk)min

l ≥ c(Υk)min
l+j for any j > 0. That is, the

casecp,l ≥ c(Υk)min
l+j ≥ c(Υk)min

l j ∈ {0, ..., k −
l + 1 − p} is possible.

Lemma 3. c(Υk)min
l ≥ c(Υk)min

l+1 , l < k if and
only if ∃i ∈ {1, ..., k − l} : ci,l+1 ≤ ck−l+1,l. That
is, c(Υk)min

l < c(Υk)min
l+1 if and only if ci,l+1 >

ck−l+1,l∀i ∈ {1, ..., k − l}. We say that min-l-
confidence is weakly anti-monotonic inl.

Proof. We havec(Υk)min
l = mini∈{1,...,k−l+1} ci,l

= min
{

mini∈{1,...,k−l} ci,l , ck−l+1,l} ≥

min
{

mini∈{1,...,k−l} ci,l+1 , ck−l+1,l} using Fact
4. Now, if ∃i ∈ {1, ..., k− l} : ci,l+1 ≤ ck−l+1,l we
clearly havemin

{

mini∈{1,...,k−l} ci,l+1, ck−l+1,l

}

= mini∈{1,...,k−l} ci,l+1. = c(Υk)min
l+1 . On the

other hand, ifci,l+1 > ck−l+1,l∀i ∈ {1, ..., k − l}
thenc(Υk)min

l+1 = mini∈{1,...,k−l} ci,l+1 > ck−l+1,l

≥ mini∈{1,...,k−l+1} ci,l = c(Υk)min
l . Since we

have shownα ⇒ β andα ⇒ β we haveα ⇐⇒ β,
whereα = ∃i ∈ {1, ..., k − l} : ci,l+1 ≤ ck−l+1,l

andβ = c(Υk)min
l ≥ c(Υk)min

l+1 , l < k.

The termweakly anti-monotonicmeans it is anti-
monotonic in all except perhapsonesub-k-STAR.

Example 5. ConsiderΥ = 〈ζ1, ..., ζ4〉 of Figure
2(a) again. The following are possible:c1,1 = 0.3,
c2,1 = 0.2, c3,1 = 0.4, c4,1 = 0.1, c1,2 = 0.3,
c2,2 = 0.2, c3,2 = 0.4, c1,3 = 0.3, c2,3 =
0.05, c1,4 = 0.3. We then havec(Υ)min

1 = 0.1,
c(Υ)min

2 = 0.2, c(Υ)min
3 = 0.05, c(Υ)min

4 = 0.3.
Note how this isweakly anti-monotonic. As an-
other example, supposec1,l = 0.1, l ∈ {1, 2, 3, 4},
c2,l = 0.2 l ∈ {1, 2, 3}, c3,l = 0.3 l ∈ {1, 2}, c4,1 =
0.4 which is completely anti-monotonic. The case
c1,l = 0.4, l ∈ {1, 2, 3, 4}, c2,l = 0.3 l ∈ {1, 2, 3},
c3,l = 0.2 l ∈ {1, 2}, c4,1 = 0.1 is completely mono-
tonic.

The following lemma is a sufficient (but not nec-
essary) condition for which we can apply Lemma 3.
It is useful because it means we do not need to con-
sider theci,l+1. Instead we use theci,l which we
will already know3 if we mine the rules by joining
smaller ones together as outlined in Section 4. This
saves considerable calculations. This lemma can be
skipped on a first reading.

Lemma 4. Let imin
p,l = {i : ci,l ≤ cj,l∀j ∈

{p, ..., k − l + 1}} wherep ∈ {1, ..., k − l} (clearly
imin
p,l ⊂ {p, ..., k − l + 1}). If {k − l + 1} 66=

imin
p,l thenc(Υk)min

l ≥ c(Υk)min
l+1 . More generally,

c(Υk)min
l ≥ c(Υk)min

k−i+1∀i ∈ imin
p,l . This gives

the condition under which min-l-confidence is com-
pletely anti-monotonic inl.

Proof. It suffices to show that{k − l + 1} 6= imin
p,l

implies ∃i ∈ {1, ..., k − l} : ci,l+1 ≤ ck−l+1,l

and use Lemma 3. If{k − l + 1} 6= imin
p,l then

we have eitherk − l + 1 ∈ imin
p,l ∧ |imin

p,l | > 1 or
k − l + 1 /∈ imin

p,l ∧ |imin
p,l | ≥ 1 sinceimin

p,l 6= ∅.

3They are produced in the calculation ofc(Υk)min
l

.



In the first case,ci,l = ck−l+1,l∀i ∈ imin
p,l and in

the second caseci,l < ck−l+1,l∀i ∈ imin
p,l . Hence

ci,l ≤ ck−l+1,l∀i ∈ imin
p,l . Since in both cases

imin
p,l contains values other thank − l + 1, it con-

tains at least one value in{1, .., k − l}. That is,
∃i ∈ {1, ..., k − l} : ci,l < ck−l+1,l. Using Fact
4 this implies∃i ∈ {1, ..., k − l} : ci,l+1 < ck−l+1,l

as required.
The second statement trivially holds when{k − i +
1} = imin

p,i . Consider anyi′ ∈ imin
p,l , i′ 6= k − i + 1.

We consider two cases,c(Υk)min
l ≥ ci′,l+1 and

c(Υk)min
l < ci′,l+1. In the first case the result fol-

lows immediately from Lemma 2. In the second case
there must exist ani” such thati” < i′ for which
c(Υk)min

l ≥ ci”,l+1, and again the result follows
from Lemma 2. If the requiredi” did not exist, then
c(Υk)min

l < ci,l+1 < ci,l∀i ∈ {1, ..., i′}. But this
means there is acj,l < ci′,l, i ∈ {i′ + 1, ..., k} such
that c(Υk)min

l = cj,l, so i′ can’t be inimin
p,l by the

definition ofimin
p,l and we have a contradiction.

Specifically, if indexcmin = min{imin} then
c(Υk)min

l ≥ c(Υk)min
k−i+1∀i = {indexcmin, .., k −

l}. The above lemma is very useful whenever{k −
l + 1} 6= imin. However, if{k − l + 1} = imin then
we have no option other than to evaluate theci,l+1

(and use Lemma 3). The reader may like to apply the
above Lemma to Example 5.

4 Mining k-STARs

In the simplest form, we wish to find all ‘interest-
ing’ k-STARs. We allow the user to specify what
they mean by ‘interesting’ using a number of pa-
rameters. The user can select the minimumk de-
sired (minK) and the minimum value ofl (minL)
for which all k-STARs must be min-lconfident and
min-l-frequent. TheminL threshold will only be
used oncek > minL. The user can also spec-
ify the maximum difference betweenk and l that
they desire (maxD). The user must also specify
minSup, minConf and maxDelay and aneigh-
bourhood functionN(r, t) as defined in Section 3.
Of course the user is free to ignore many of these pa-
rameters by settingmaxD = ∞, minK = minL =
1, maxDelay = ∞ andN(·) = the set of all re-
gions. However, we suggestminL > 1 is required
for interesting rules - otherwise objects don’t need to
travel along the sequence at all.

Our goal therefore is to find all k-STARs with
min-l-supportaboveminSup andmin-l-confidence

above minConf for any l ≥ minL with k ≥
minK, k − lmax ≤ maxD and satisfying
maxDelay andN(·). These k-STARs will be out-
put, together with their support and confidence val-
ues for the relevantls (that is, elements oflσ(Υ) and
lc(Υ) as defined below). Note that we donot require
that a k-STAR must be bothmin-l-confidentandmin-
l-frequentfor all thel we output. A k-STAR might be
confident for a higherl than it is frequent for, or vice
versa. We don’t want to exclude these patterns. For
example, supposeΥ is frequent for alll = 1, ..., k but
only confident forl = minL. We still want to report
to the user that it is frequent for thek > minL be-
cause it is interesting. On the other hand if it was not
confident for anyl ≥ minL thenΥ would not out-
put it as it does not satisfyminL for anyl. Note that
maxD = 0 is useful for only getting rules that are
maximallyfrequent and confident (are min-l-frequent
and min-l-confident withl = k).

We leverage the anti-monotonic and weak-anti-
monotonic properties outlined earlier. We grow the
k-STARs from shorter k-STARs by joining them to-
gether, exploiting the lemmas in this section.

Let lσ(Υ) be the set ofl for which Υ is fre-
quent. That is, lσ(Υ) = {l : σ(Υ)min

l ≥
minSup}. Similarly, let lc(Υ) = {l : c(Υ)min

l ≥
minConf}. Finally, let lσmax(Υ) = max(lσ(Υ))
and lcmax(Υ) = max(lc(Υ)) be the maximum
values of these sets. Sincemin-l-support is anti-
monotonic inl (Lemma 1),lσ(Υ) will always have
the form{1, 2, 3, ...lσmax(Υ)}. lc(Υ) on the other
hand may have gaps as it is only weakly anti-
monotonic (Lemma 3). In the first example of Exam-
ple 5 for instance, ifminConf = 0.2 thenlc(Υ) =
{2, 4}. That is,1 and3 are not present so the rule
is not min-l-confidentfor l ∈ {1, 3} but it is for
l ∈ {2, 4}.

In the following lemmas, LetΥα = 〈ζ1, ..., ζm〉
andΥβ = 〈ζm+1, ..., ζm+n〉 be non-overlapping and
TIC(ζαm

) ≤ TIA(ζβm+1
) so thatΥ = Υα ∪ Υβ =

〈ζ1, ..., ζm, ζm+1, ..., ζm+n〉 is a valid k-STAR.

Lemma 5. Joining k-STARs for min-l-support:
lσmax(Υ) ≤ luσmax(Υα,Υβ) (hence lσ(Υ) ⊂
{1, 2, ..., luσmax}) whereluσmax(Υα,Υβ) is given in
Figure 3(e).

Proof. This follows from Fact 1, Lemma 1 and the
fact that thelσmax(·) is the maximum element of
lσ(·). That is, any subsequenceΥ′

l of lengthl of Υα

or Υβ is also a subsequence ofΥ, so if σ(Υ′
l)

min
l <

minSup then σ(Υ)min
j < minSup for j = l by

Fact 1 and for allj > l by Lemma 1. On the other



hand if lσmax(Υα) = m then no subsequence with
σ(Υ′

l)
min
l < minSup exists and so it is possible that

lσmax(Υ) > lσmax(Υα). The same goes forΥβ .
Putting these together in the four combinations gives
us the result.

Since min-l-confidence is only weakly anti-
monotonic inl, it is more complicated.

Lemma 6. Joining k-STARs for min-l-confidence:
lc(Υ) ⊂ luc (Υα,Υβ) whereluc (Υα,Υβ) is given in
Figure 3(f).

Proof. It follows from Facts 3 and 4 and the fact
that lc(·) contains the maximuml for which a k-
STAR is min-l-confident. That is, any subsequence
Υ′

l of length l of Υα or Υβ is also a subsequence
of Υ, so if c(Υ′

l)
min
l < minConf thenc(Υ)min

j <
minConf for j = l by Fact 3 but it might not be
true forj > l sincemin-l-confidenceis weakly anti-
monotonic inl. However, if any subsequenceΥi,l of
Υα hasc(Υi,l)

min
l < minConf thenc(Υi,j)

min
j <

minConf for all j ≥ l by Fact 4 and hence
c(Υ)min

j < minConf for all j ≥ l. On the other
hand, if lcmax(Υα) = m then it is possible that
lcmax(Υ) > lcmax(Υα). Nothing like this holds for
Υβ . That is, unlike Lemma 5, we don’t have symme-
try in Υα andΥβ . Putting these together in the five
combinations gives us the result.

Figures 3(a) and 3(b) illustrate each of the cases
in Lemmas 5 and 6 respectively.

The above lemmas reduce the search spaces for
lσmax(Υ) and lc(Υ). In the case of Lemma 5,
luσmax(Υα,Υβ) is an upper-bound onluσmax(Υ)
while in Lemma 6,luc (Υα,Υβ) is a superset oflc(Υ).
The following lemmas give us a quick way to per-
form the search in the remaining spaceslσmax(Υ) ≤
luσmax(Υα,Υβ) and lc(Υ) ⊂ luc (Υα,Υβ) to find
the desired lσmax(Υ) and lc(Υ). Clearly, if
luσ(Υα,Υβ) = 1 then lσmax(Υ) = 1 and if
luc (Υα,Υβ) = {1} then lc(Υ) = {1}. To
test whetherΥ = Υα ∪ Υβ is min-l-frequent
(min-l-confident) whenl > 1 and for all l ≤
luσmax(Υα,Υβ) (l ∈ luc (Υα,Υβ)) we need to eval-
uate σ(δl,j)

min
l (c(δl,j)

min
l ) for all j and l where

δl,j is thejth k-STAR of lengthl thatoverlapsboth
Υα andΥβ . For example, ex1 in Figure 3(c) lists
the maximum number of possibleδl,j when joining
Υα = 〈ζ1, ζ2, ζ3〉 andΥβ = 〈ζ4, ζ5, ζ6〉.

Lemma 7. Υ is min-l-frequent (l > 1) if
minj

(

σ(Υα)min
l , σ(δl,j)

min
l , σ(Υβ)min

l

)

≥
minSup.

Proof. This follows from the fact thatσ(Υ)min
l =

minj

(

σ(Υα)min
l , σ(δl,j)

min
l , σ(Υβ)min

l

)

.

Lemma 8. Υ is min-l-confident (l > 1)
if minj

(

c(Υα)min
l , c(δl,j)

min
l , c(Υβ)min

l

)

≥
minConf andl ∈ luc (Υα,Υβ).

Proof. This follows from the fact thatc(Υ)min
l =

minj

(

c(Υα)min
l , c(δl,j)

min
l , c(Υβ)min

l

)

.

In both Lemmas, if anyx(ΥY )min
l don’t exist

(this happens whenl > |ΥY |), they are removed
from the calculation. Notel ≤ |Υα| + |Υβ | so this
will happen.

Lemma 7 (Lemma 8) says that to determine the
lσ(Υ) ( lc(Υ)) and their corresponding support (con-
fidence) values, we need to evaluate all theδl,js cor-
responding tol ∈ {1, 2, ..., luσmax(Υα,Υβ)} (l ∈
luc (Υα,Υβ)) for support (confidence). It should be
clear that Lemma 5 (Lemma 6) has already reduced
this search space. Note that when checking theδs for
l ∈ {1, 2, ..., luσmax(Υα,Υβ)} (l ∈ luc (Υα,Υβ)) we
can use the anti-monotonic property of min-l-support
(min-l-confidence) ink. This is becausel = |δl,j | in
these computations andδl,i ⊏ δl′,j∀i, j, l, l′ : 1 ≤
l ≤ l′∧1 ≤ i ≤ l′−l+j. That is, whenσ(δl,i)

min
l <

minSup (c(δl,i)
min
l < minConf ) we stop search-

ing {1, 2, ..., luσmax(Υα,Υβ)} (luc (Υα,Υβ)) for any
l′ where∃j : δl,i ⊏ δl′,j .

Figures 3(c) and 3(d) demonstrate these Lemmas
by showing theδs we need to check. It should be
clear thatδ1,j makes no sense as it cannot overlap
bothΥα andΥβ .

Note that theδ are all that we need to calculate, as
we know theσ(Υα)min

l , σ(Υβ)min
l , c(Υα)min

l and
c(Υβ)min

l we need for Lemmas 7 and 8 already. This
is because we know thelσ(Υα), lσ(Υβ), lc(Υα),
lc(Υβ) and their respectivemin-l-confidencesand
min-l-supportssince we have already minedΥα and
Υβ , by our problem definition. Similarly, we have
also generatedall the new sub-k-STARs ofΥ that
are now possible. Specifically, all theδs that are con-
fident or frequent are valid k-STARs. So it should
be clear that this procedure not only createsΥ =
Υα∪Υβ , but also all new sub-k-STARs ofΥ. Specif-
ically, we join allsuffixesof Υα to all prefixesof Υβ .
Other sub-k-STARs ofΥα andΥβ already exist as
Υα andΥβ exist.

4.1 Algorithm: k-STARMiner

We saw at the end of the previous section how to
join two arbitrary k-STARs. When miningall rules



(a) Joining Υα = 〈ζ1, ζ2, ζ3〉 and Υβ =
〈ζ4, ζ5, ζ6〉 for min-l-support. Four examples illus-
trate the four cases in Lemma 5.

(b) JoiningΥα = 〈ζ1, ζ2, ζ3〉, Υβ = 〈ζ4, ζ5, ζ6〉, Υ′

α = 〈ζ1, ζ2, ζ3, ζ4〉,
Υ′

β
= 〈ζ5, ζ6〉, Υ”α = 〈ζ1, ζ2〉 andΥ”β = 〈ζ3, ζ4, ζ5, ζ6〉 for min-l-

confidence. Five examples illustrate the five cases in Lemma 6.

(c) Theδl,j of Lemma 7 for Figure 3(a). (d) Theδl,j of Lemma 8 for Figure 3(b).

(e) Equation for Lemma 5

(f) Equation for Lemma 6

Figure 3. Examples of Lemmas 5, 6, 7 and 8. Equations for Lemma s 5 and 6.

we join all sub-k-STARs before joining the k-STARs
together by traversing theinverse tree of suffixes of
k-STARsupward. We only joinsingeζ at a time (that
is, |Υβ | = 1). The min-l-support (min-l-confidence)
tree, which is a subset of the lattice we define later, is
defined as follows: letΥ = 〈ζ1, ..., ζn〉. ThenΥ′ has
a link toΥ in the inverse suffix tree if and only if (1)
Υ′ = 〈ζj , ..., ζn〉 : 1 < j ≤ n and (2) n − j + 1 ∈
lσ(Υ) (n − j + 1 ∈ lc(Υ)). The first condition says
thatΥ′ is a suffix ofΥ and the second says thatΥ is
min-l-frequent (min-l-confident) whenl is the length
of Υ′. Figures 4(b) and 4(c) show examples of these
trees alongonecross-section.

The simplest way of growing the k-STARs is to
add one STAR to the end at a time. That is,n = 1
in Lemmas 5 and 6 and we will use only cases
{(1), (2)} and {(1), (2), (4)} respectively. Also,
there will only be oneδl,j so we drop thej, and the
δl will correspond precisely to the suffixes in the tree.
Figure 4(a) shows the flow of STARs over time in
what we call a FlowGraph. It is a circular array of
width w + 1 wherew is set so that it corresponds to

maxDelay. Each cellr, j references all the suffix
trees wherer = RC(ζn) andTIj = TIC(ζn). This
can be seen in Figures 4(b) and 4(c) also.

The algorithm is relatively simple. We call
STARMiner [13] which efficiently produces allfre-
quent STARs, STI′ , for the current time interval
pair TI ′ = [TIcurr−1, T Icurr] as well asO(ζ) :
ζ ∈ STI′ . That is, allζ with σ(ζ) > minSup.
They may or may not be confident because min-l-
support is anti-monotonic, while min-l-confidence is
only weakly anti-monotonic. For eachζ ∈ STI′

we checkRA(ζ) and its neighbours both atTIA(ζ)
and back in time through the FlowGraph window.
That is, we check each cellFlowGraph[r][j] where
r ∈ N(RA(ζ), j), j ∈ {1, 2, ..., w}. For each tree
we find, we traverse up the tree and joinζ to the
k-STARs using the results from Section 4. We tra-
verse both the confidence and support trees at the
same time and keep only those k-STARs that satisfy
both the min-l-support and min-l-confidence criteria
as defined in Section 4. This creates new inverse suf-
fix trees, which we add to the FlowGraph. We then



(a) FlowGraph indexes the inverse suffix
trees for each region and time interval pair
in the window. w is set according to
maxDelay.

(b) min-l-support inverse suffix treesfor
ζ3, ζ6, ζ8, ζ11, ζ15, ζ18. Built without
regard for min-l-confidence. k-STARs
grouped by their length -k.

(c) min-l-confidenceinverse suffix treesfor
ζ3, ζ6, ζ8, ζ11, ζ15, ζ18. Built without re-
gard for min-l-support.

Figure 4. Examples involving {ζ3, ζ6, ζ8, ζ11, ζ15, ζ18}. {ζ3, ζ8, ζ11, ζ15} are confident and fre-
quent. ζ6 is frequent only. ζ18 is confident only.

progress to the next time interval pair, which means
the window (widthw + 1) moves to the right. While
doing this, we can easily build acomplete latticeof
the results as defined in Section 4.2, or simply output
the k-STARs for later analysis.

Example 6. Figure 4(a) shows the situation
when TI ′ = [TIcurr−1, T Icurr], so STI′ =
{ζ16, ζ17, ζ18}. However in this example we will con-
sider the previousTI” = [TIcurr−1, T Icurr] where
STI” = {ζ14, ζ15}. SupposemaxDelay and N(·)
is set so thatd is the only cell found with k-STARs to
join to, so we only need to consider the trees starting
at ζ11. In Figure 4(b), we first try to joinζ11 andζ15,
so we need to checkδ2 = 〈ζ11, ζ15〉, and we find that
σ(δ2)

min
2 ≥ minSup. HenceΥ4 is a new and inter-

esting k-STAR - so we add it to the newly created tree
for ζ15. Sinceσ(δ2)

min
2 ≥ minSup, we try to join

Υ3 and ζ15. Note that we are traversing up the in-
verse suffix tree rooted atζ11. We now need to check
δ3 = 〈ζ10, ζ11, ζ15〉 but we find thatσ(δ3)

min
3 <

minSup. Hence the maximuml for any otherΥ we
create by joiningζ15 to existing k-STARs will be min-
l-frequent with at mostl = 2. Sinceσ(δ2)

min
2 ≥

minSup we know thatΥ8 is frequent andlσ(Υ8) =
{1, 2}, but it is not maximally frequent. We eval-
uate σ(Υ8)

min
2 = min{σ(Υ3)

min
2 , σ(δ2)

min
l } by

Lemma 3(c), using the already knownσ(Υ3)
min
2 .

Similarly, we knowΥ11 will be interesting atl =
2 since Υ10 is, and we evaluateσ(Υ11)

min
2 =

min{σ(Υ10)
min
2 , σ(δ2)

min
l }. We have completed the

support suffix tree for (that is, rooted at)ζ11. The pro-
cedure for min-l-confidence is similar but in reality,
we traverse both trees together and cross prune. For
example,Υ11 does not satisfy the min-l-confidence
criteria (according to Figure 4(c)) so we would not
to buildΥ11 for min-l-support.

We have shown the support and confidence suffix
trees independently to avoid complicating matters.
Since our goal is to mine k-STARs that are both min-
l-confident and min-l-frequent, we only keep those
k-STARs for which this holds. In the example, this
is the intersection of the k-STARs in the two trees:
ζ3, ζ6, ζ8, ζ11, ζ15,Υ1,Υ3,Υ4,Υ6,Υ8,Υ10. That is,
we would never have mined the others. As an aside,
we implicitly use Lemma 4 by using the suffix tree
traversal technique.

We have ignoredmaxD, minK and minL for
clarity. They are easy to implement - but note that
we can only apply them to prune k-STARs with
lcmax < k and lσmax < k sinceshort but maxi-
mally frequent and confident k-STARs can be grown
into longer ones satisfying the constraints. Note also
that our algorithm is single pass, and so it suited to
stream mining just as STARMiner [13] is.

We do not present experiments for two reasons:
(1) lack of real world data. If we had access to such
data we could attempt to mine interesting patterns
and report such patterns. (2) We could present run-
time results, but we feel that the theory is much more
important, especially as there is no other algorithm



we can compare k-STARMiner. We could compare
it to a brute force technique, but we think this is of
little value.

4.2 k-STAR Lattice

The suffix trees we have defined so far are for ef-
ficient mining, and are a subset of the k-STAR lat-
tice. We define thelattice as linking all k-STARsΥ
and Υ′ if and only if Υ′

⊏ Υ and |Υ′| ∈ lσ(Υ)
or |Υ′| ∈ lc(Υ). Each node in this lattice is a
k-STAR and holds the min-l-confidence and min-l-
support value. Using this lattice we can drill down or
up through the sequences. Therefore we can explore
the resulting k-STARs at high level of abstraction,
anddrill down to relevant sub-k-STARs to find the
reasons why a particular k-STAR is interesting. Con-
versely, we candrill up to see how the rules com-
bine together to give the higher level sequences that
describe the patterns more coarsely, as well as high-
lighting long sequences of movements that might be
important. Being able to do these things is very use-
ful in making sense of large datasets, and is a key
reason behind using k-STARs.

5 Conclusion

We have described useful sequences of Spatio-
Temporal Association Rules (k-STARs) that greatly
enhance the ability to understand the results of STAR
mining. They aggregate individual STARs into se-
quences that capture interesting patterns such as
‘roads’ and space and time gaps. Furthermore, a
lattice defined over the sub-k-STARs enables us to
drill down or drill up to explore the results. The in-
troduction of themin-l-supportandmin-l-confidence
measures allow us to do these things. We showed
that these measures have anti-monotonic and weakly
anti-monotonic properties. We rigorously developed
the theory required to mine all k-STARs efficiently
by exploiting these properties and described an algo-
rithm to do this.
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